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Let I(G) be a topological index of a graph. If I(G + e) < I(G) (or I(G + e) > I(G), respec-

tively) for each edge e �∈ G, then I(G) decreases (or increases, respectively) with addition of

edges. In this paper, we determine the extremal values of some topological indices which

decrease or increase with addition of edges, and characterize the corresponding extremal

graphs in bipartite graphs with a given matching number.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

Topological indices are numerical parameters of a graph which characterize its topology and are usually graph invariants.

Examples include the number of vertices and the number of edges, the Zagreb index, the Wiener index, the Hosoya index

and the matching energy etc.

All graphs considered in this paper are simple and connected. Let G be a graph with vertex and edge sets V(G) and E(G),

respectively. For u ∈ V(G), d(u) denotes the degree of u in G. The distance d(u, v) is defined as the length of a shortest path

connecting u and v.

A matching in a graph is a set of pairwise nonadjacent edges. If M is a matching, the two ends of each edge of M are

said to be matched under M, and each vertex incident with an edge of M is said to be an M-saturated. A perfect matching

is one which saturates every vertex of the graph, a maximum matching is one which saturates as many vertices as possible.

Recall that the number of edges in a maximum matching of a graph G is called the matching number of G and denoted by

β(G).

Let M be a matching in a graph G. An M-alternating path or cycle in G is a path or cycle whose edges are alternately in

M and E − M. An M-alternating path might or might not start or end with edges of M. If neither its origin nor its terminus

is saturated by M, the path is called an M-augmenting path. The Berge’s theorem [1] points out the relevance of augmenting

paths to the study of maximum matchings, i.e., a matching M in a graph G is a maximum matching if and only if G contains

no M-augmenting path.
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Fig. 1. B(r, t, a, b).
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Fig. 2. The graph for the proof of Proposition 1.

2. Basic properties

We consider the effect of edge addition (or deletion) on topological indices.

Let I(G) be a topological index of a graph. If I(G + e) < I(G) (or I(G + e) > I(G), respectively) for each edge e �∈ G, then

I(G) decreases (or increases, respectively) with addition of edges.

For example, the Wiener index decreases with addition of edges, the Zagreb index, the Hosoya index and the matching

energy increase with addition of edges.

In this section, we first discuss the property of the topological indices decrease/increase with addition of edges among

all bipartite graphs of order n with a given matching number β .

The following expression for the matching number is known as the König–Ore formula. The matching number β of a

bipartite graph G with bipartition (X, Y) is given by:

β = |X| − max{|S| − |N(S)| : S ⊆ X}. (1)

Let B(r, t, a, b) be a bipartite graph obtained from two complete bipartite graphs G1 = Kr,r+a and G2 = Kt,t+b by joining

each vertex of r-part in G1 to each vertex of t-part in G2, where r, t, a, b are non-negative integers, see Fig. 1.

Proposition 1. Let G be a bipartite graph of order n with bipartition (X, Y) and matching number β . Then there exists a bipartite

graph G′ = B(r, t, a, b) such that

(i) I(G′) ≤ I(G) for the topological index I which decreases with addition of edges;

(ii) I(G′) ≥ I(G) for the topological index I which increases with addition of edges, with equality if and only if G ∼= B(r, t, a, b)

for some non-negative integers r, t, a, b, where r + t = β, r + t + a = |X| and r + t + b = |Y |.
Proof. Let M∗ be a maximum matching of G. Denote by U the set of M∗-unsaturated vertices in X, and by Z the set of all

vertices reachable from vertices of U by M∗-alternating paths. Set S = Z ∩ X and T = Z ∩ Y . Then we have that every vertex

in T is M∗-saturated and N(S) = T and there is no edge joining a vertex of S to a vertex of Y − T, see Fig. 2. Let r = |T |,
t = |X − S|, a = |U| and b = |Y | − r − t . Then G is a spanning subgraph of G′ = B(r, t, a, b). So, we have that (i) I(G′) ≤ I(G)

for the topological index I which decreases with addition of edges, and (ii) I(G′) ≥ I(G) for the topological index I which

increases with addition of edges, with equality if and only if G = G′. �

3. Applications

3.1. The maximum values of the Hosoya index, the matching energy in bipartite graphs with a given matching number

In this section, we will give the maximum values of the Hosoya index and the matching energy of bipartite graphs

with a given matching number. Some recent results on the Hosoya index and the matching energy can be found in [4–

6,10,11,14,27,35].

By m(G; k) we denote the number of k-matchings (i.e., the number of selections of k independent edges) of the graph G.

Specifically, m(G; 0) = 1, m(G; 1) = |E(G)| and m(G; k) = 0 for k > n
2 , where n = |V (G)| is the number of vertices in G.
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