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1. Introduction

Good estimations of the norm of the matrix inverse can be useful in many applications, especially in error and con-
vergence analysis of matrix splitting iterative methods applied to linear systems, arising from discretization of partial dif-
ferential equations. When the system matrix has a block form, like, for example, in the case of parallel block-wise matrix
multisplitting and two-stage multi splitting iteration methods (see [1-3]), it is very useful to use this particular structure, in
order to obtain possibly better conditioning estimates, comparing to the point-wise case. This was the main motivation for
developing such infinity norm estimates for some special subclasses of block H-matrices in [4]. Here, we consider different
classes of nonsingular matrices and present Euclidean norm estimates of their inverse.

The paper is organized as follows: Section 2 presents block generalizations defined in [11,13], using the Euclidean norm.
Section 3 presents connection between point-wise and block case, Section 4 is an overview of known estimations for the
minimal singular value in the point-wise case, Section 5 contains the main results for block case, and, finally, Section 6
illustrates usefulness and efficiency of new Euclidean norm estimates, especially on the practical example from the ecological
modeling of soil food webs.

Throughout this paper, we denote by N :={1,2,...,n} set of indices. For a matrix A = [a;;] € C"" we define

ri(A) == Y lajl. ieN, and ¢(A) :=r;(A).
JeN\(i)

* Corresponding author. Tel.: +381 606350405; fax: +381 216350458.
E-mail addresses: lila@dmi.uns.ac.rs, lilac@sbb.rs (L. Cvetkovi¢), vkostic@dmi.uns.acrs (V. Kosti¢), ksenad787@yahoo.com (K. Doroslovacki),
mawameda@gmail.com (D.Lj. Cvetkovi¢).

http://dx.doi.org/10.1016/j.amc.2016.02.048
0096-3003/© 2016 Elsevier Inc. All rights reserved.


http://dx.doi.org/10.1016/j.amc.2016.02.048
http://www.ScienceDirect.com
http://www.elsevier.com/locate/amc
http://crossmark.crossref.org/dialog/?doi=10.1016/j.amc.2016.02.048&domain=pdf
mailto:lila@dmi.uns.ac.rs
mailto:lilac@sbb.rs
mailto:vkostic@dmi.uns.ac.rs
mailto:ksena4787@yahoo.com
mailto:mawameda@gmail.com
http://dx.doi.org/10.1016/j.amc.2016.02.048

L. Cvetkovi¢ et al./Applied Mathematics and Computation 284 (2016) 12-23 13
By 7 = {p; ﬁ‘:o we always denote a partition of the index set N, if nonnegative numbers p;, j=1,2,...,¢, satisfy the
following condition
Po:=0<pi<pr<---<peg:=n.

Then, by this partition, an n x n matrix A is partitioned into ¢ x ¢ blocks

An | A | - | A
Axi | A | - | Ay

A= : : S| = [Aijlexe- (1)
An | A | - | Aw

It is well known that the Euclidean matrix norm is defined by

IAll2 = v/ p(AHA) = \/p(AAH).

Let us recall some of well-known (point-wise) classes of matrices. One of the widest one is the class of nonsingular
H-matrices, defined as matrices A = [a;;] € C™", for which the comparison matrix M(A) = [«;;] defined by

aii, i=j
M(A) =[] e C, i = 2l ) J
—lail, i#]
is an M-matrix, i.e.,, M(A)~! > 0.
The most important subclass of nonsingular H-matrices is the class of strictly diagonally dominant (SDD) matrices, de-
fined as matrices A = [q;;] € C™", for which

|aii| > r;(A) for all i e N.
2. Two possibilities for block generalizations

For any block matrix A = [Ajj]¢x, of the form (1), we will construct two, generally different, comparison ¢ x ¢ real matri-
ces. We will denote them by (A)” and )A(™, in order to emphasize that they depend on the partition 7. First comparison
matrix (A)7 is constructed in the same manner as it was done in [13], while the second one YA(™ is constructed as it was
done in [11].

More precisely, a partition 7 of the set of indices N can be treated as a partition r of C", i.e., a finite collection {W,-}f:1
of pairwise disjoint linear subspaces, each having dimension at least 1, whose direct sum is C":

C'=WieW,®---dW,.

It is assumed that W; = span{ek : pj1+1<k=<pj} jel:={1.2,....¢}. (Vectors el e2, ..., e" denote the standard column
basis vectors in C".)
As usual, denote

Aiix
Mgl = sup VA2 g Ay, @
xewpoy 1xll2 g2
and
. Aix
U4 1) = i WAl gy 3)

xew\oy [IX]l2

If A; is nonsingular, relation (3) corresponds to the definition of Euclidean norm, while if A; is singular, then
: lAixllp _
infyew (0} ", ” =0

With this notations, define:

« the first comparison matrix (A)™ = [u;;] with

(IA;'l2)~",  i=j and Aj; is nonsingular

Mij =140 i=j and A; is singular
—[1Aill2, i#]
the second comparison matrix )A(™ = [m;;] with
1, i=j and Aj; is nonsingular
myj := { —||A;'Ajjll..  i#j and A; is nonsingular

0 otherwise
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