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KGJ/WOTE_IS-‘ In this paper, the solution of Benjamin-Bona-Mahony-Burgers (BBMB) equation is approx-

ge“Jim‘“‘Bona‘MahO“Y‘B‘"gers imated by using collocation method. Stability of the method is discussed. Also the conver-
-spline

gence of the method is proved. The method is used on some examples, and the numerical

g&lgﬁi‘?on results have been obtained and compared with the exact solutions.
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1. Introduction

In the present work, we will consider the BBMB equation. This equation given as follows:

Ur — Uy — QU + PBUuy +uuy =0, xelab], te[0,T], (1)
u(x,0) = f(x), xela,b], (2)
u(a,t) =u(b,t) =0, (3)

where « and $ are positive constants. BBMB equations are used in many branches of science and engineering, for example
see [1]. When o = 0, Eq. (1) is called the Benjamin-Bona-Mahony (BBM) equation. In recent years, various type of methods
have been used to estimate the solution of the BBMB equation [2-6].

The layout of the paper is as follows: in Section 2, cubic B-spline collocation method is explained. In Section 3, we
develop an algorithm for the numerical solution of the BBMB equation. Section 4, is devoted to stability analysis of the
method. We derive convergence of the B-spline collocation method in Section 5. In Section 6, examples are presented. A
summary is given at the end of the paper in Section 7.

2. B-spline collocation method

The interval [a, b] is partitioned into a mesh of uniform length h = (b —a)/N by the knots x; =a+ih,i=-3,...N+3
such that a =xg <X <Xy <--- <Xy_1 < Xy = b. Our numerical treatment for BBMB equation using the collocation method
with cubic B-spline is to find an approximate solution U(x, t) to the exact solution u(x, t) in the form

N+1
Ux.t) = c(t)Bi(x), (4)

i=—1
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where c;(t) are time-dependent quantities to be determined from the boundary conditions and collocation form of the dif-
ferential equations. Also B;(x) are the cubic B-spline basis functions at knots, given by Stoer and Bulirsch [7], Kincad and
Cheny [8] and Rubin and Graves [9]

(x—xi_)%, X € [Xi_2.Xi_1),
1| PP 3R (= X)) +3h(x = xi1)% = 3(x —x;-1)?. X e [xiq.x),
Bi(x) = G h3 4+ 3h% (Xipq — x) + 3h(Xi — %) = 3(Xi1 — %)%, X € [X;, Xipq),
(X2 — %), X € [Xi1. Xiy2),
0, otherwise.

The values of U and its space derivatives at the knots x; can be obtained as

1
Ui = E(CH +4¢; + Ciy1), (5)
1
Ui = ﬁ(—ci—l + Cit1). (6)
1
U = hﬁ(ci—l = 2¢i + Ci11)- (7)

3. Construction of the method

Now we use the following finite difference approximation to discretize the time variable
un+l —u" _ uQ);H — UQX _ au;')?—l + u?x ﬂugﬂ + uQ + (uux)m—l + (uux)n _ 0’ (8)
At At 2 2 2
where At is the time step. In fact we use forward Euler scheme for Eq. (1). The nonlinear term in Eq. (8) can be approxi-
mated by using the following formula:

()™ = (utte)" + At (uue)? + At (Ute)? + O(AL?) = (utt)" + At (Lo yn 4

ultl o 2 utH gy -1y
U+ A( At? Uy +

n+1_yn gyt _yn il 72un+un—1
QU B 4 B 4 0(AL),

thus we have

(uu)™?! = 3(uuy)" — ™l — u"u ! 4+ 0(AF?). 9)
Putting values from Eq. (9) in Eq. (8) and simplifying we get
umt o™t o quitt! = W, (10)
where
At a At At
Wt =yt — ’BTuQ + (— 1+ T)ugx - 7(4u"u§ —u gt gty (11)
and
BAt a At
= q=-1-"—.
S=d 2

Substituting the approximate solution U for u and putting the values of the nodal values U, its derivatives using
Egs. (5)—(7) at the knots in Eq. (10), we obtain the following difference equation with the variables ¢;, i=-1,...,N+1,

el 4+ bet! 4 éctt! = 2 (x)), i=0.1.....N, (12)
where
é_h2 sh+ B—4h2 5 é_h2+sh+
=% D) q, =5 q, =% 5 q.
The system (12) consists of N + 1 linear equations and N + 3 unknowns {c_1, Co, ..., Cy, cn4+1}- To obtain a unique solution
for {c_1,...,cn, 1), we must use the boundary conditions. From the boundary conditions and Eq. (5), we can write
CT{] _ _4C8+1 _ C?H, (13)
n+1 —_4 n+1 _ n+1 14
Nt O —CNC1e (14)
Also putting i =0, N in Eq. (12) and using, Egs. (13) and (14) we get the results as:
(—4d + D) + (—d+ O = h2W" (xg), (15)

(G- Och + (b—48)c! = R (xy). (16)
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