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ARTICLE INFO ABSTRACT
MsC: An ideal 7 is a family of subsets of positive integers N x N which is closed under finite
40G15 unions and subsets of its elements. The aim of this paper is to study the notion of la-
gigg cunary Z-convergence of double sequences in probabilistic normed spaces as a variant
of the notion of ideal convergence. Also lacunary Z-limit points and lacunary Z-cluster
Keywords: points have been defined and the relation between them has been established. Further-
Ideal convergence more, lacunary-Cauchy and lacunary Z-Cauchy, lacunary Z*-Cauchy, lacunary Z*-convergent
Double sequence double sequences are introduced and studied in probabilistic normed spaces. Finally, we
Probabilistic normed space provided example which shows that our method of convergence in probabilistic normed

Double lacunary sequence

space is more general.
6-convergence
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1. Introduction

Menger [40] proposed the probabilistic concept of the distance by replacing the number d(p, q) as the distance between
points p, q by a probability distribution function Fp, 4(x). He interpreted Fp, ¢(x) as the probability that the distance between
p and q is less than x. This led to the development of the area now called probabilistic metric spaces. Serstnev [60] who
first used this idea of Menger to introduce the concept of a PN space. In 1993, Alsina et al. [2] presented a new definition of
probabilistic normed space which includes the definition of Serstnev as a special case. For an extensive view on this subject,
we refer [1,3,13,21,22,29,34,36,44,49,58,59].

Steinhaus [61] and Fast [16] independently introduced the notion of statistical convergence for sequences of real num-
bers. Over the years and under different names statistical convergence has been discussed in the theory of Fourier analysis,
ergodic theory and number theory. Later on it was further investigated from various points of view. For example, statis-
tical convergence has been investigated in summability theory by (Connor [11], Fridy [18], Salat [55]), number theory and
mathematical analysis by (Buck [4], Mitrinovic et al., [42]), topological groups (Cakalli [5,6]), topological spaces (Di Maio and
Kocinac [39]), function spaces (Caserta and Kocinac [8]), locally convex spaces (Maddox [38]), measure theory (Cheng et al.,
[9], Connor and Swardson [12], Miller [41]). Fridy and Orhan [19] introduced the concept of lacunary statistical convergence.
Some work on lacunary statistical convergence can be found in [20,25,37,50,52].

Kostyrko et al., [31] introduced the notion of I-convergence as a generalization of statistical convergence which is based
on the structure of an admissible ideal I of subset of natural numbers N. Kostyrko et al., [32] gave some of basic properties
of I-convergence and dealt with extremal [-limit points. Tripathy and Tripathy [62] introduced the concept of I-convergence
of double sequences of real numbers and studied some basic properties of this notion. Mursaleen and Mohiuddine [47]

* Tel.: +91 3602278512; fax: +91 3602277881.
E-mail address: bh_rgu@yahoo.co.in

http://dx.doi.org/10.1016/j.amc.2015.12.048
0096-3003/© 2015 Elsevier Inc. All rights reserved.


http://dx.doi.org/10.1016/j.amc.2015.12.048
http://www.ScienceDirect.com
http://www.elsevier.com/locate/amc
http://crossmark.crossref.org/dialog/?doi=10.1016/j.amc.2015.12.048&domain=pdf
mailto:bh_rgu@yahoo.co.in
http://dx.doi.org/10.1016/j.amc.2015.12.048

140 B. Hazarika/Applied Mathematics and Computation 279 (2016) 139-153

and Rahmat [54] studied the ideal convergence in probabilistic normed spaces and Kumar and Kumar [33] studied I-
Cauchy and I*-Cauchy sequences in probabilistic normed spaces. Kumar and Guillén [34] introduced ideal convergence of
double sequences in probabilistic normed spaces and proved some interesting results. The notion of lacunary ideal con-
vergence of real sequences was introduced in [10,63] and Hazarika [23,24], introduced the lacunary ideal convergent se-
quences of fuzzy real numbers and studied some properties. Debnath [14] introduced the notion lacunary ideal conver-
gence in intuitionistic fuzzy normed linear spaces. Yamanci and Giirdal [65] introduced the notion lacunary ideal conver-
gence in random n-normed space. Recently, in [28] Hazarika introduced the lacunary ideal convergent double sequences of
fuzzy real numbers and studied some interesting properties of this notion. Further details on ideal convergence we refer to
[7,15,26,27,35,43,45,48,51,56,64], and many others.

By a lacunary sequence 6 = (k;), where ky =0, we shall mean an increasing sequence of non-negative integers with
kr —ky_1 — oo as r — oo. The intervals determined by 6 will be denoted by J, = (k,_1, k-] and we let h; := k; — k,_1. The
space of lacunary strongly convergent sequences Ny was defined by Freedman et al., [17] as follows.

.1
Ny = {x = (%) : lim w Zke]r |x, —L| =0, for some L}.

By the convergence of a double sequence we mean the convergence in the Pringsheim’s sense [53]. A double sequence
X = (x ;) has a Pringsheim limit L (denoted by P —limx = L) provided that given an & > 0 there exists an n € N such that
|x¢; —L| < & whenever k, [ > n. We shall describe such an x = (x; ;) more briefly as “P — convergent”.

In [46] Mursaleen and Edely introduced the two dimensional analogue of natural (or asymptotic) density. Let K ¢ N x N
and K(m, n) denotes the number of (i, j) in K such that i < m and j < n. Then the lower natural density of K is defined

by 8, (K) = liminfy n oo K(,;"—n”) In case, the sequence (K(,;”—,;”)) has a limit in Pringsheim’s sense, then we say that K has a
double natural density and is defined by P — limp o KU1 — §, (K).
The double sequence 0 =0= {(kr, Ls)} is called double lacunary sequence if there exist two increasing of integers such

that (see [57])

ko=0, hy =k —k,_1 - c0 asr— oo

and
lb=0, hy=1I— I, 1 — 0o as s — oo.
We denote ks = kils, hrs = hyhs and 0, s is determined by
Jrs={k,D: k1 <k<k and [ 1<I<lI}
kr _ I

=k Gs=+— and grs = q:s.
Kr—1

ar I

In this paper we study the concept of lacunary Z-convergence of double sequences in probabilistic normed spaces. We
also define lacunary Z-limit points and lacunary Z-cluster points in probabilistic normed space and prove some interesting
results.

2. Basic definitions and notations
Now we recall some notations and basic definitions that we are going to use in this paper.
The notion of statistical convergence depends on the density (asymptotic or natural) of subsets of N.

Definition 2.1. A subset E of N is said to have natural density §(E) if
.1 .
8(E) = lim El{ksn:keEH exists.

Definition 2.2. A sequence x = (x;) is said to be statistically convergent to ¢ if for every ¢ > 0
d({keN: |x,—¢| >¢€})=0.
In this case, we write S —limx = ¢ or x;, — ¢(S) and S denotes the set of all statistically convergent sequences.

Definition 2.3. A family of subsets of N, positive integers, i.e. I ¢ 2V is an ideal on N if and only if

(i) ¢ el,
(ii) AuB e I for each A, B € I,
(iii) each subset of an element of I is an element of L.

Definition 2.4. A non-empty family of sets F c 2N is a filter on N if and only if

(a) ¢ ¢F
(b) AnB € F for each A, B € F,
(c) any superset of an element of F is in F.
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