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ARTICLE INFO ABSTRACT

MsC: This paper is concerned with the oscillation of certain third-order nonlinear delay dif-

34C10 ferential equations with damping. We give new characterizations of oscillation of the

;iﬁ}? third-order equation in terms of oscillation of a related, well-studied, second-order linear
differential equation without damping. We also establish new oscillation results for the

Keywords: third-order equation by using the integral averaging technique due to Philos. Numerous

Oscillation examples are given throughout.
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Functional differential equation

1. Introduction

In this article, we consider nonlinear third-order functional differential equations of the form

(ra(r()*)) (O + pO) ' (E)* +q(O) f(y(g®))) =0, t=t >0, (11)
where o > 1 is the ratio of positive odd integers. We assume that

(i) r1, 12, p,q € C(I, R"), where I = [ty, o0) and R = (0, c0);
(ii) ge C1(I,R), g'(t) > 0, and g(t) — oo as t — oo;
(iii) f e C(R,R) such that xf(x) > 0 for x 0 and f{x)/xf > k > 0, where f is a ratio of positive odd integers.

A function y is called a solution of (1.1) if
y’ rl (y/)a’ rZ (rl (y/)a), € C1 ([t)/* OO), R)

and y satisfies (1.1) on [ty, o) for some ty, > to.

We restrict our attention to those solutions of (1.1) which exist on [ty, oo) and satisfy the condition
sup{|y(t)| : t; <t < oo} >0 for t; € I Such a solution is called oscillatory if it has arbitrarily large zeros, otherwise it is
called nonoscillatory. Eq. (1.1) is said to be oscillatory if all of its solutions are oscillatory.

Determining oscillation criteria for particular second-order differential equations has received a great deal of attention
in the last few years. Compared to second-order differential equations, the study of oscillation and asymptotic behavior of
third-order differential equations has received considerably less attention in the literature. For some classical and recent
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results on third-order equations, the reader can refer to [1-4,7-9,15,16,20] and the references contained therein. It is in-
teresting to note that there are third-order delay differential equations which have only oscillatory solutions or have both
oscillatory and nonoscillatory solutions. For example,

3
YO+ -y(t- ) =0
admits the oscillatory solution y;(t) = sint and a nonoscillatory solution y,(t) = e*, where A > 0 is such that A3 +2A =
e=37/2 (see [14, p. 6]). On the other hand, all solutions of

y"t)+yt—-1)=0, T>0
are oscillatory if and only if Te > 3 (see [13]). But the corresponding ordinary differential equation

Yy () +y(t) =0

admits the nonoscillatory solution y (t) = et and oscillatory solutions y, (t) = et/2 sin(+/3t/2) and y;(t) = e'/2 cos(+/3t/2).

In the literature, there are some papers and books (see, e.g., [5,6,11,17,19,21,22] and the references therein) which deal
with the oscillatory and asymptotic behavior of solutions of functional differential equations. In [21], the authors used a
generalized Riccati transformation and an integral averaging technique in order to establish some sufficient conditions which
ensure that any solution of (1.1) oscillates or converges to zero. The purpose of this paper is to improve and unify the results
in [21] and present some new sufficient conditions which ensure that any solution of (1.1) oscillates when the related
second-order linear ordinary differential equation without delay

N p(t) _
(r2)'(t) + (n (t)>2(t) =0 (1.2)
is nonoscillatory or oscillatory. We also apply our results to equations of the form
as (O)y" (t) +a (O)y" (&) + a1 (£)y' () +q*(6) f(y(g(1))) = 0, (1.3)

where ay, a, az, ¢* € C(I, RT).
2. Auxiliary results

For the sake of brevity, we define

Loy=y. Ly=nr(Ly))* Ly=ry). Ly=(Ly)

on I. Hence (1.1) can be written as

Ly© + ( 22 )1y + a0 fve©)) =o.
ri(t)
Remark 2.1. If y is a solution of (1.1), then z = —y is a solution of the equation
Lz + ( 29V Lz0) + a0) £ z(e@)) =0,
ri(t)

where f*(z) = —f(-z) and zf*(z) > 0 for z # 0. Thus, concerning nonoscillatory solutions of (1.1), we can restrict our atten-
tion only to solutions which are positive for all large t.

Define the functions

t ds t o ds
— . Ry(t,t)) = / _—,

L enve =]

. (" Ra(s,t1) e
R(t,tl)_/tl(r](s)) ds

for tg < t; <t < co. We assume that
Ri(t,tg) > 00 as t— oo 2.1)

Ri(t.ty) =

and

and
Ry(t,tg) — o0 as t — oo. (2.2)
In this section, we state and prove the following lemmas which we will use in the proof of our main results.

Lemma 2.2. Suppose that (1.2) is nonoscillatory. If y is a nonoscillatory solution of (1.1) on [t;, o), t; > tg, then there exists t;
€ [tq, oo) such that y(t)L1y(t) > 0 or y(t)L1y(t) < O for t > t;.
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