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a b s t r a c t

The aim of the present paper is to give a Chlodowsky type generalization of Szász operators

defined by means of the Brenke type polynomials. We obtain convergence properties of our

operators with the help of universal Korovkin-type property and also establish the order of

convergence by using a classical approach, the second order modulus of continuity and Pee-

tre’s K-functional. We also give a Voronoskaja type theorem. Furthermore, we study the con-

vergence of these operators in a weighted space of functions on a positive semi-axis. Some

graphical examples for the convergence of our operators and error estimation are also given.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction and preliminaries

Recently, Varma et al. [19] constructed positive linear operators with the help of Brenke type polynomials. Brenke type poly-

nomials [5] have generating functions of the form

A(t)B(xt) =
∞∑

k=0

pk(x)tk (1.1)

where A and B are analytic functions:

A(t) =
∞∑

r=0

art
r, a0 �= 0, (1.2)

B(t) =
∞∑

r=0

brt
r, br �= 0 (r ≥ 0) (1.3)

and have the following explicit relation:

pk(x) =
k∑

r=0

ak−rbrx
r, k = 0, 1, 2, . . . . (1.4)
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Using the following restrictions:

(i) A(1) �= 0,
ak−rbr

A(1)
≥ 0, 0 ≤ r ≤ k, k = 0, 1, 2, . . . ,

(ii) B: [0, ∞) → (0, ∞),

(iii) (1.1) and the power series (1.2) and (1.3) converge for |t| < R (R > 1).

Varma et al [19] introduced the following positive linear operators involving the Brenke type polynomials

Ln( f ; x) := 1

A(1)B(nx)

∞∑
k=0

pk(nx) f

(
k

n

)
(1.5)

where x ≥ 0 and n ∈ N.

Let B(t) = et and A(t) = 1. We meet the following Szász [18] operators

Sn( f ; x) := e−nx
∞∑

k=0

(nx)k

k!
f

(
k

n

)
. (1.6)

In this paper, we consider the Chlodowsky [6] variant of Szász type operators involving the Brenke polynomials [17] given by

(1.5) as follows:

L∗
n( f ; x) := 1

A(1)B
(

n
bn

x
) ∞∑

k=0

pk

(
n

bn
x

)
f

(
k

n
bn

)
(1.7)

where (bn) is a positive increasing sequence such that

lim
n→∞ bn = ∞, lim

n→∞
bn

n
= 0 (1.8)

and pk are Brenke polynomials defined by (1.1). For another Chlodowsky type variation of positive linear operators, one can refer

to [4].

The rest of the paper is organized as follows. In Section 2 we obtain some local approximation results by the generalized

Szász operators given by (1.7). In particular, the convergence of operators is examined with the help of Korovkin’s theorem. The

order of approximation is established by means of a classical approach, the second-order modulus of continuity and Peetre’s

K -functional. Section 3 is devoted to study some convergence properties of these operators in weighted spaces with weighted

norm on the interval [0, ∞) by using the weighted Korovkin-type theorems [9,10]. Some examples are also given to compute

error estimation by modulus of continuity in Section 4.

Note that throughout the paper we will assume that the operators L∗
n are positive and we use the following test functions

ei(x) = xi, i ∈ {0, 1, 2, 3, 4}.
Also we consider

lim
y→∞

B(k)(y)

B(y)
= 1, for k ∈ {1, 2, 3, . . . , r}. (1.9)

We suggest the readers for further motivation by including citations of some recent papers on the subject dealing analogously

with (for example) different classes of polynomials as well as Korovkin-type approximation theorems and Voronovskay-type

approximation theorems (cf. [2,3,8,13–16]).

2. Local approximation properties of L∗
n( f ; x)

We denote by CE[0, ∞) the set of all continuous functions f on [0, ∞) with the property that |f(x)| ≤ βeαx for all x ≥ 0 and some

positive finite α and β . For a fixed r ∈ N, we denote by Cr
E

[0,∞) = { f ∈ CE[0,∞) : f ′, f ′′, . . . , f (r) ∈ CE[0, ∞)}. Using equality (1.1)

and the fundamental properties of the L∗
n operators, one can easily get the following lemmas:

Lemma 2.1. For all x ∈ [0,∞), we have

L∗
n(e0; x) = 1; (2.1)

L∗
n(e1; x) =

B′( n
bn

x
)

B
(

n
bn

x
) x + bn

n

A′(1)

A(1)
; (2.2)

L∗
n(e2; x) =

B′′( n
bn

x
)

B
(

n
bn

x
) x2 + bn

n

(
A(1) + 2A′(1)

)
B′( n

bn
x
)

A(1)B
(

n
bn

x
) x + b2

n

n2

A′(1) + A′′(1)

A(1)
; (2.3)



Download	English	Version:

https://daneshyari.com/en/article/4626215

Download	Persian	Version:

https://daneshyari.com/article/4626215

Daneshyari.com

https://daneshyari.com/en/article/4626215
https://daneshyari.com/article/4626215
https://daneshyari.com/

