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ARTICLE INFO ABSTRACT
MSC: In the paper, by induction, the Faa di Bruno formula, and some techniques in the theory of
11B68 complex functions, the author finds explicit formulas for higher order derivatives of the tan-
;‘;ﬁg gent and cotangent functions as well as powers of the sine and cosine functions, obtains ex-
1108 plicit formulas for two Bell polynomials of the second kind for successive derivatives of sine
11MO6 and cosine functions, presents curious identities for the sine function, discovers explicit for-
26A24, mulas and recurrence relations for the tangent numbers, the Bernoulli numbers, the Genocchi

numbers, special values of the Euler polynomials at zero, and special values of the Riemann
Keyv\(ofdsi zeta function at even numbers, and comments on five different forms of higher order deriva-
Explicit formula tives for the tangent function and on derivative polynomials of the tangent, cotangent, secant,
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cosecant, hyperbolic tangent, and hyperbolic cotangent functions.

1. Main results

It is well known that the tangent function tanx can be expanded into the Maclaurin series
)k 122k(22k _ 1)sz 2k ; X2k 1

= (-1 b4
tanx =3 k)1 ZTZ" "akonr K=o
k=1

see[1,p.75,4.3.67] and [5, p. 259], where T,;_; are called the tangent numbers or zag numbers and B, for n > 0 are the Bernoulli
numbers which may be defined by the power series expansion
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The tangent numbers T,,_; may also be defined combinatorially as the numbers of alternating permutations on 2k — 1 =
1,3,5,7,... symbols (where permutations that are the reverses of one another counted as equivalent). The first few tangent
numbers T,,_; fork=1,2,...,5are 1, 2, 16, 272, 7936.

It is clear that
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Consequently, one way to compute the tangent numbers T,,_; and the Bernoulli numbers B, is to find explicit formulas for
tan-1 x,
It is well known that the Riemann zeta function ¢ (s) may be defined by
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that the Genocchi numbers G, are given by the generating function
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and that the Euler polynomials E;(x) are defined by
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The tangent numbers T;;_;, the Bernoulli numbers By, the Genocchi numbers Gy, the Euler polynomials Ej(x), and the Riemann
zeta function £ (s) have close relations.
In combinatorics, the Bell polynomials of the second kind, or say, the partial Bell polynomials, denoted by By,  forn > k > 0,
are defined by
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See [5, p. 134, Theorem A]. In combinatorial analysis, the Faa di Bruno formula plays an important role and may be described in
terms of the Bell polynomials of the second kind B, ; by
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See [5, p. 139, Theorem C]J.
In this paper, by induction, the Faa di Bruno formula, and some techniques in the theory of complex functions, we will estab-

lish general and explicit formulas for the nth derivatives of tanx, cotx, sinkx, and coskx for k € N, presents curious identities for
the sine function, and obtain explicit formulas for two Bell polynomials of the second kind
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Bk (— sinx, — cosx, sinx, COSX, ..., — sm[x +(m— k)2j|)
and
. . T
Bm_k<cosx, —sinx, —cosx, sinx, ..., —cos[x+ (m— k)2]>.

By applying these formulas, we will also derive explicit formulas and recurrence relations for the tangent numbers T5,,_1, the
Bernoulli numbers B,,,, the Genocchi numbers G,,, special values E,,,_;(0) of the Euler polynomials at 0, and special values
£(2n) of the Riemann zeta function {(z) at even numbers 2n. Finally, we will comment on five different forms of higher order
derivatives for tan x and on derivative polynomials of tanx, cotx, secx, cscx, tanhx, and coth x.

Our main results may be stated as the following theorems.

Theorem 1.1. For n € N, derivatives of the tangent and cotangent functions may be computed by
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and
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