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ear evolution equations. Our results show that all rational and simply periodic solutions
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tions. We believe that this method should play an important role for finding exact solutions
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1. Introduction and main results

Studies of various physical structures of nonlinear evolution equations (NLEEqs) had attracted much attention in connection
with the important problems that arise in scientific applications. Exact solutions of NLEEqs of mathematical physics have at-
tracted significant interest in the literature. Over the last years, much work has been done on the construction of exact solitary
wave solutions and periodic wave solutions of nonlinear physical equations. Many methods have been developed by mathemati-
cians and physicists to find special solutions of NLEEqs, such as the inverse scattering method [1], the Darboux transformation
method [2], the Hirota bilinear method [3], the Lie group method [4], the bifurcation method of dynamic systems [5-7], the
sine-cosine method [8], the tanh-function method [9,10], Fan-expansion method [11], and the homogenous balance method
[12]. Practically, there is no unified technique that can be employed to handle all types of nonlinear differential equations. Re-
cently, the complex method was introduced by Yuan et al. [13-15]. It is shown that the complex method provides a powerful
mathematical tool for solving great many nonlinear partial differential equations in mathematical physics.
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In 1995, Wang [12] considered the variant Boussinesq equations

{ut + (UW)x + Wy = 0, (vB)

We + Uy + wwy = 0.

As a model for water waves, w is the velocity and u is the total depth, and the subscripts denote partial derivatives. By using his
homogenous balance method, he constructed solitary wave solutions of System (vB). Up to now, many authors (cf. [16-21]) have
also considered System (vB) and found their abundant traveling wave exact solutions including doubly periodic Jacobi elliptic
function solutions. In the limited cases, these solutions degenerate to the corresponding solitary wave solutions, shock wave
solutions or trigonometric function (simply periodic) solutions.

In order to state our main results, we need some concepts and notations.

A meromorphic function w(z) means that w(z) is holomorphic in the complex plane C except for poles. «, b, ¢, ¢; and c¢;; are
constants, which may be different from each other in different place. We say that a meromorphic function w belongs to the class
W if w is an elliptic function, or a rational function of e*?, « € C, or a rational function of z.

Substituting the traveling wave transformation

ulx,t) =u(z), wxt)=w(z), z=kx+At (TWT)
into System (vB), and integrating it yields
AU+ kuw + k3w’ +C, =0,

Aw+ku+§w2+C2 =0,

where Cq and C, are constants.
Solving Egs. (1), we get the relation
15

A
u:—EW —EW—CZ, (2)

and the auxiliary ordinary differential equation

XAGo 3k,
- 2w W - oW G =0, 3)

where G =C; — %

In this article, we employ the complex method to obtain all meromorphic exact solutions of complex Eq. (3) at first, then
combining the relation (2) with transform (TWT) to find out all traveling wave exact solutions of System (vB). The idea introduced
in this paper can be applied to other nonlinear evolution equations. Our results show that there exist some rational solutions
Ww;.»(z) and simply periodic solutions wy »(z) which are not only new but also not degenerated successively by the elliptic function
solutions. In Section 4, we give some computer simulations to illustrate our main results.

Our main results are the following Theorems 1 and 2.

k3 w’

Theorem 1. Suppose that k # 0, then all meromorphic solutions w of Eq. (3) belong to the class W. Furthermore, Eq. (3) has the
following three forms of solutions:

(I) All elliptic function solutions

(=9 + O (4pC* + 49°C+ 26 D — g — Cg2) A
((12C2 —g)p + AC3 —3Cgy) ¢ + 4ADp? + 12DCp? — 3Dgrp — DCgy k'

wy(z) = £k

where G, = % G = —%,gg = 0,D? = 4C3 — g,C, g, and C are arbitrary constants.
(1) All simply periodic solutions

W; 1(2) = ko coth %(z —20) — %
and
Ws2(2) = Lk (coth %(Z —2o) — coth %(Z -20—-21)) — % F ka coth %Zn

where 75 € CG = 1(A? —k*a?).G = 2}7)\(AZ —kia?) in the former case, or Cy= f%(smhf o +1),

G = 557 (A + k*a coth $21(; ;’?"ffz — A2 £ Ak?a coth $2;), 21 # 0 in the latter case.
52
(II1) All rational function solutions
2k A

wr1(2) = iﬁ X
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