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a b s t r a c t

The aim of this paper is to provide some error estimates for the general weighted n-point

quadrature formulae by using some inequalities for the Chebyshev functional. The above re-

sults are applied to obtain some new bounds for the Gauss–Chebyshev formulae of the first

and the second kind.
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1. Introduction

Let us suppose f (r−1) is a continuous function of bounded variation on [a, b] for some r ≥ 1 and let w: [a, b] → [0, ∞) is some

probability density function, that is integrable function satisfying
∫ b

a w(t)dt = 1.

In paper [11] authors have proved the following two weighted quadrature formulae of Euler type:

∫ b

a

w(t) f (t)dt =
n∑

k=1

Ak f (xk) +
r∑

i=1

(b − a)i−1

i!

(∫ b

a

w(t)Bi

(
t − a

b − a

)
dt −

n∑
k=1

AkBi

(
xk − a

b − a

))[
f (i−1)(b) − f (i−1)(a)

]

− (b − a)r−1

r!

∫ b

a

(∫ b

a

w(u)B∗
r

(
u − t

b − a

)
du −

n∑
k=1

AkB∗
r

(
xk − t

b − a

))
d f (r−1)(t) (1)

and

∫ b

a

w(t) f (t)dt =
n∑

k=1

Ak f (xk) +
r−1∑
i=1

(b − a)i−1

i!

(∫ b

a

w(t)Bi

(
t − a

b − a

)
dt −

n∑
k=1

AkBi

(
xk − a

b − a

))[
f (i−1)(b) − f (i−1)(a)

]

− (b − a)r−1

r!

∫ b

a

(∫ b

a

w(u)
(

B∗
r

(
u − t

b − a

)
− Br

(
u − a

b − a

))
du
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http://dx.doi.org/10.1016/j.amc.2015.07.004

0096-3003/© 2015 Elsevier Inc. All rights reserved.

http://dx.doi.org/10.1016/j.amc.2015.07.004
http://www.ScienceDirect.com
http://www.elsevier.com/locate/amc
http://crossmark.crossref.org/dialog/?doi=10.1016/j.amc.2015.07.004&domain=pdf
mailto:mihaela@mathos.hr
http://dx.doi.org/10.1016/j.amc.2015.07.004
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−
n∑

k=1

Ak

(
B∗

r

(
xk − t

b − a

)
− Br

(
xk − a

b − a

)))
d f (r−1)(t), (2)

where
∑n

k=1 Ak = 1.

If we put r = m + s, these formulae are exact for all polynomials of degree ≤ m − 1.

The functions t�→Bk(t), k ≥ 0, t ∈ R are Bernoulli polynomials, Bk = Bk(0), k ≥ 0 Bernoulli numbers, and t �→ B∗
k
(t), k ≥ 0 are

periodic functions of period 1, related to Bernoulli polynomials as B∗
k
(t) = Bk(t), 0 ≤ t < 1. More about Bernoulli polynomials,

Bernoulli numbers and periodic functions B∗
k

can be found in [1].

For two real functions f, g: [a, b] → R, the Chebyshev functional [10] is defined by

C( f, g) = 1

b − a

∫ b

a

f (t)g(t)dt − 1

(b − a)
2

∫ b

a

f (t)dt ·
∫ b

a

g(t)dt,

where f, g are such that f, g, f · g ∈ L1[a, b]. The symbol Lp[a, b], 1 ≤ p < ∞, stands for the space of p-power integrable functions on

interval [a, b] equipped with the norm ‖ f‖p = (
∫ b

a | f (t)|pdt)1/p. Further, L∞[a, b] denotes the space of all essentially bounded

functions on interval [a, b] with the norm ‖ f‖∞ = ess supt∈[a,b]| f (t)|.
For two bounded integrable functions f, g : [a, b] → R and α, β , γ and δ real numbers such that α ≤ f(t) ≤ β , and γ ≤ g(t) ≤

δ, for all t ∈ [a, b], the following inequality is well known as the Grüss inequality (see [10], p. 296)

|C( f, g)| ≤ 1

4
(β − α)(δ − γ ).

Over the last decades many researchers have investigated inequalities related to the Chebyshev functional and their applica-

tions in Numerical analysis (see [3,4,7,10,14] and the references cited therein).

Cerone and Dragomir [5] proved the following Grüss type inequalities:

Theorem 1. Let f, g: [a, b] → R be two absolutely continuous functions on [a, b] with

(· − a)(b − ·)
(

f ′)2
, (· − a)(b − ·)

(
g′)2 ∈ L1[a, b],

then

|C( f, g)| ≤ 1√
2

[C( f, f )]
1/2 1√

b − a

[∫ b

a
(t − a)(b − t)

(
g′(t)

)2
dt

]1/2

≤ 1

2(b − a)

[∫ b

a
(t − a)(b − t)

(
f ′(t)

)2
dt

]1/2

·
[∫ b

a
(t − a)(b − t)

(
g′(t)

)2
dt

]1/2

. (3)

The constants 1/
√

2 and 1/2 are the best possible.

Theorem 2. Assume that g: [a, b] → R is monotonic nondecreasing on [a, b] and f: [a, b] → R is absolutely continuous with f′ ∈ L∞[a,

b], then

|C( f, g)| ≤ 1

2(b − a)
‖ f ′‖∞ ·

∫ b

a
(t − a)(b − t)dg(t). (4)

The constant 1/2 is the best possible.

In this paper we obtain some new estimations of the reminder in the generalized weighted quadrature formulae (1) and (2)

by using Theorems 1 and 2. On this way we generalized results from papers [8,9,13]. As special cases, some error estimates for

the Gauss–Chebyshev formulae of the first and the second kind are derived.

More about quadrature formulae and error estimations (from the point of view of inequality theory) can be found in mono-

graphs [2] and [6].

2. Main results

We introduce the following notation

Gr(t) =
∫ b

a

w(u)B∗
r

(
u − t

b − a

)
du −

n∑
k=1

AkB∗
r

(
xk − t

b − a

)
,

and

Fr(t) =
∫ b

a

w(u)
(

B∗
r

(
u − t

b − a

)
− Br

(
u − a

b − a

))
du −

n∑
k=1

Ak

(
B∗

r

(
xk − t

b − a

)
− Br

(
xk − a

b − a

))
. (5)
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