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1. Introduction

It is well known that differential equations and integral equations are important tools to discuss the rule of natural phenom-
ena. In the study of the existence, uniqueness, boundedness, stability, oscillation and other qualitative properties of solutions of
differential equations and integral equations, one often deals with certain integral inequalities. One of the best known and widely
used inequalities in the study of nonlinear differential equations is Gronwall-Bellman inequality [1,2], which can be stated as
follows: If u and f are non-negative continuous functions on an interval [a, b] satisfying

u(t) <c+ /t f(s)u(s)ds, tela,b], (1)

for some constant ¢ > 0, then

u(t) <cexp (/tf(s)ds) t €[a,b].

Pachpatte in [5] investigated the retarded inequality

t a(t)
u(t) < k + / 2(s)u(s)ds + / h(s)u(s)ds, )

where k is a constant. Replacing k by a nondecreasing continuous function f(t)in (1), Rashid in [12] studied the following retarded
inequality
o
a

t )
u®) < O+ [ gou@ds+ [ neuas. )
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In 2011, Abdeldaim and Yakout [10] studied some new integral inequalities

u® <o+ | g9us) [us) + [ o uw + [ reueds Jar]as. (4)
u®) = uo+ [ 18 +q@lds + [ g©ue)[us) + [ heoucode Jas, (5)
2 s

UPH() < ug + [ /0 t f(s)up(s)ds] +2 /0 t f(s)u”(s)[u(s)-i— /0 f(r)u”(r)dt]ds. 6)

In 2014, EI-Owaidy et al. [13] investigated some new retarded nonlinear integral inequalities
t a(t)
u(®) = f0 + [ goweds+ [ heure)ds ™)
a; (t) ay(t)

uP(t) < fo(t) + / 2(s)u(s)ds + / h(s)u(s)ds. 8)

In 2014, Zheng [16] discussed the inequalities of the following form
t T
u(t) < C+ ﬁ [ -9 gopuas + ﬁ [ @ -9 goueas. (9)

u(t) < C+ /0 h(s)uP(s)ds + ﬁ /0 L= 9 g(s)u(s) + /0 " h(s)uP(s)ds + ﬁ /0 " (T~ 9™ ) ui(s)ds. (10)

During the past few years, some investigators have established a lot of useful and interesting integral inequalities in order to
achieve various goals; see [3-20] and the references cited therein.
In this paper, based on the works of [10,13,16], we discuss some new integral inequalities with weak singularity

u® < fO+ i | Lt 9" g(s)u(s)ds + g Lt 9" gs)uls)

< [uts) + ﬁ [ - 0" ho[u) + ﬁ [ (-6 g@u(ede |de Jas, (11)
u(t) < f(6) + %a) [ €9 goues) +a(s)las
+ ﬁ /o (t —)* 'g(s)u(s) [u(s) + ﬁ /os (s— r)“’%(r)u(t)dr]ds, (12)

2

1 t a-1 _
“"“<f)ff"“(t)+[m /0 (=9 'gs)f0 P>/2(s)up(s)ds]
1 ! a-1 1 s a1 -
JFZW/0 (t—s) g(S)up(S)I:U(S)-l-W/O (s—1)* 'g(v)f p(f)up(t)d,]ds. (13)

2. Main result

Throughout this paper, let R, = (0, +00),I = [0, +0c0).
The modified Riemann- Liouville fractional derivative, presented by Jumarie in [17,18] is defined by the following expression.

Definition 1. The modified Riemann- Liouville derivative of order « is defined by the following expression:

t
i [ o © - sonds 0 <a <1,

DEf(t) = (14)
FOEN*™ n<a<n+in>1.
Definition 2. The Riemann- Liouville fractional integral of order « on the interval I is defined by
1 ¢ 1 ¢ _1
“ t:7/ sdsa:—/ t =) f(s)ds. 15
O = wize ), FO@" = 5 [ €976 (15)

In 2014, Zheng [16] proved the property

Lemma 1. Suppose that 0 < « < 1, fis a continuous function, then

DE(Ef(£)) = (D). (16)
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