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1. Introduction

In the paper [8], the authors introduced the sequence of linear Bernstein-type operators defined for f€ C[0, 1] by By(fot~1)o T,
Bp, being the classical Bernstein operators and t being any function satisfying some certain conditions. The results obtained there
showed that approximation with these new construction of Bernstein operators are sensitive and present better convergence
results with the suitable selection of 7. In [6], the authors introduced a general sequence of linear Szasz-Mirakyan type operators
by

0 k

Si(fix)=e Wy f (p“ (S)) W, (1.1)
k=0

where p is a function being continuously differentiable on R* := [0, co) and satisfying the conditions p(0) = 0, infyp+ p’ (x) > 1.

This function p not only characterizes the operators but also characterizes the Korovkin set {1, p, p2} in a weighted function

space. The authors studied degree of weighted convergence and some shape-preserving properties.

The most of the results given in [6] are related to uniform convergence of the operators. Therefore, in this paper we continue to
study further approximation properties of the operators (1.1). We present Voronovskaya type theorems in quantitative form. The
quantitative Voronovskaya theorem and its general forms were extensively studied in [11], authors presented the quantitative
Voronovskaya theorem for any positive linear operators acting on compact intervals, using the least concave majorant of the
modulus of continuity. The advantage of the quantitative Voronovskaya theorems is to describe the rate of convergence and to
present an upper bound for the error of approximation, simultaneously. For some other quantitative versions of Voronovskaya’s
theorem, we can refer the readers to [2,4,10,12,18,19]. All of mentioned theorems were given for the operators acting on compact
intervals, in particular, Bernstein polynomials and their derivatives. But for the operators acting on unbounded intervals, the usual
modulus of continuity does not work. Therefore, quantitative Voronovskaya theorems for general sequence of linear positive
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operators via weighted modulus of continuity studied in [3]. For quantitative Voronovskaya type theorems in weighted spaces
we can refer the readers to [1,20]. We also study Griiss-Voronovskaya-type results for the operators (1.1). The application of
Griiss inequality in approximation theory was given in the paper [5]. In the recent note [13], the authors applied the Griiss
inequality to the operators on compact intervals and thus obtained a new approach for the Bernstein polynomials using the
least concave majorant @. In [9], Gal and Gonska obtained the Voronovskaya-type theorem with the aid of Griiss inequality for
Bernstein operators for the first time and called it Griiss-Voronovskaya-type theorem. Here, we shall give Griiss-Voronovskaya-
type theorem with the weighted modulus of continuity. As a corollary of our main results, quantitative Voronovskaya theorem for
classical Szasz-Mirakyan operators and Voronovskaya theorem for classical Szasz-Mirakyan operators and generalized Szasz-
Mirakyan operators are captured. For the classical Voronovskaya theorem for Sza sz-Mirakyan operators and their modifications,
one can consult the papers [7,16,17] and references therein.

2. Auxiliary results
For our main results we shall need following moments, central moments and a weighted modulus of continuity. Since the
moments are similar to the corresponding results for the Szasz-Mirakyan operators we give the lemmas without proofs.
Lemma 1. We have
Sh(ix) =1, S(pix)=pX)),
o 2.9\ _ A2 p (X)
St (0%x) = p2 0+ ==,
Lemma 2. If we define the central moment operator by
Mpm @) =Sq ((p () = p ))";X),
then we have

My =1, M., (x)=0, (2.1)
My, (x) = pT(X), MY, (x) = pT(Zx)’ (2.2)
M, () = B'O;(X) + %, (2.3)
M () = 1503 (x) N 2502 (x) N p(X)’ (2.4)

n3 n4 n°
foralln,meN.

Throughout the paper we consider the weight function p satisfying the following assumptions:

(i) p is a continuously differentiable function on R* and p(0) = 0.
(i) infp" (x) > 1.
x>0
Let (x) =1+ p2(x)and B, (R*) = {f : |f (x)| < My (x)} , where Myis constant which may depend only on f. C,, (R*) denotes
the subspace of all continuous functions in By (R*). By C;, (RT), we denote the subspace of all functions f € Cy (R*) for which
limy_, o %’% is finite. Also let Uy (R™) be the space of functions f € Cy, (R¥) such that f/¢ is uniformly continuous. B, (R™) is the

linear normed space with the norm |f ||, = supy-o %’%.
For each f € Cy (R™) and for every 6 > 0 the weighted modulus of continuity defined in [14] is given by

w0, (£.8) = ) —f @l

su
X.yz% P+ X
[p(V)—p)|<8

and it was shown that:

Lemma 3. ([14]) Forevery f € Uy (R*), limg _, gw,(f, 8) = 0 and
F-F 0= @) +o ) (2+ Lo, (1), 5)

Remark 1. If p(x) = x, then w, is equivalent with €, given in [15]

Q3 (f;8) = sup F(x+h) - f )

xy=0 (1+02) (1+22)
Ih] <8
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