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ARTICLE INFO ABSTRACT
MsC: To some extent, graph evolutionary mechanisms can be explained by its spectra. Here, we are
05C75

interested in two graph operations, namely, motif (subgraph) doubling and attachment that

47A75 are biologically relevant. We investigate how these two processes affect the spectrum of the
Keywords: normalized graph Laplacian. A high (algebraic) multiplicity of the eigenvalues 1,1 +0.5,1+
Normalized graph Laplacian /0.5 and others have been observed in the spectrum of many real networks. We attempt to
Graph spectrum explain the production of distinct eigenvalues by motif doubling and attachment. Results on
Eigenvalue 1 the eigenvalue 1 are discussed separately.

Motif doubling

Motif attachment © 2015 Elsevier Inc. All rights reserved.

1. Introduction

Nowadays, spectral graph theory is playing an important role to analyze the structure of real networks [2,4,10,14,17,22].
The underlying graph of biological and other real networks evolves with time. The evolutionary mechanisms may lead to the
construction of certain local structures (motif) that could be described by different eigenvalues of normalized graph Laplacian
[3,20]. Duplication of a group of genes [8,21] and horizontal [7,9] gene transfer may cause the existence of repetitive-motif and
attachment of a distinct small network, respectively, in an existing biological network [15,18,19,21]. Two graph operations, motif
doubling and attachment of a smaller graph into the existing graph, are interest of our study. Here we intensively investigate the
emergence of particular eigenvalues such as eigenvalue 1 and other by the above-mentioned graph operations.

Let I' = (V, E) be a simple, connected, finite graph of order n with the vertex set V and the edge set E. Two vertices i,j € V(I'),
are connected by an edge in E(I"), are called neighbors, i ~ j. Let n; be the degree of i € V(I"), that is, the number of neighbors of i.
For the function g : V(I') — R we define the normalized graph Laplacian as

1
AgX) :=g)— — > &), (1)
Xyy~x
Note that, this operator is different from the (algebraic) graph Laplacian operator, Lg(x) := nyg(x) — Xy, y ~ x8(y) (see [11,13,16]
for this operator), but is similar to the Laplacian, £g(x) :=g(x) — 3", , J%Tnyg(y) investigated in [6] and thus, both have the
same spectrum. Now we recall some of the basic properties of eigenvalues and eigenfunctions of the operator (1) from [1]. The
normalized Laplacian is symmetric for the product,
€1.8) =) _nigi(i)g), )
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for real valued functions gq, g, on V(T"). Since (Ag, g) > 0, all eigenvalues of A are non-negative. The eigenvalue equation of A is

Af —Af =0, (3)

where a non zero solution fis called an eigenfunction corresponding to the eigenvalue A. If we arrange all the eigenvalues in a
non-decreasing manner we have, Ag =0 < A1 <--- < A,_71 <2, with A, _ 1 = 2 iff the graph is bipartite. For a connected graph,
the smallest eigenvalue is Ag = 0 with a constant eigenfunction. Since all the eigenfunctions are orthogonal to each other, for
any eigenfunction f, we have

> nf@)=0. (4)
ieV
For a graph with N vertices, A1 < % < An—1 and the equality hold iff the graph is complete, that is, for a complete graph
M=Ay=--=AyN_1 = % Let m, be the algebraic multiplicity of the eigenvalues A. The eigenvalue Eq. (3) becomes
1 . N
Y f() = (-2 Viel. (5)
1

ji
In particular, if an eigenfunction f vanishes at i, then X; _ f(j) = 0, and conversely (for eigenvalue 1, the converse is not always
true). For A =1, Eq. (5) becomes

Zf(j):OVieF, (6)
jel j~i
which is a special property of an eigenfunction for the eigenvalue 1. Note that, the nullity of the adjacency matrix [5] A of I is
the same as the algebraic multiplicity of eigenvalue 1 in A. That is,

my = nullity of A. (7)

The nullity of the adjacency matrix was very much studied in earlier mathematical works (see the survey by Gutman and
Borovicanin [12]). Here, we take a different approach to study the eigenvalue 1 in the context of normalized graph Laplacian.

Now, we extend the discussion on the production of the eigenvalue 1 investigated in [1] and generalize the results to a broad
range of operations.

Vertex doubling

Doubling of a vertex p of I' is to add a vertex g to I" and connect it to all j in I', whenever j ~ p. Vertex doubling, of a vertex
p of I, ensures the eigenvalue 1 with an eigenfunction f; that takes value 1 at p, —1 at its double and O otherwise [1]. Now, if
we double the vertex p, m times, then the resultant graph possesses the eigenvalue 1 with the multiplicity at least m with the
corresponding eigenfunctions,

1 ifx=p.q1.q2,....qGj-1

e=1- ifx=g ®)
0 else,
forj=1,2,...,iandi=1,2,..., m; where q1, 2, g3, . . ..qm are the vertices produced by repeated-doubling of p.

Motif doubling

Let ¥ be a connected induced subgraph of I' with vertices p;, ..., pm. Let I'E be obtained from I by adding a copy of the motif
% consisting of the vertices g1, . .., gm and the corresponding connections between them, and connecting each q, with all p¢ X
that are neighbors of p,,.. Now, if ¥ has an eigenvalue 1 with an eigenfunctionff, then I'Z also ensures an eigenvalue 1 with the
eigenfunction

f]z(pa) ifp =pa X
TP =7 Pa) ifp=4a 9)
0 else,

where ¢, is the double of p, € X [1]. Now the above operation can easily be extendable for doubling ¥ repeatedly m times. Let
$1, 52, .... M be the doubles of ¥ and the resultant graph is I'=", where g{™ e =™ is the double of p,.

Theorem 1.1. If X has an eigenvalue 1 with an eigenfunction flz, then T =" also ensures an eigenvalue 1 with multiplicity at least m.
Proof. Foreachj=1,2,...,m we have the eigenfunctions
fFe)  ifp=pueX

fE)  ifp=qf. j>11=l=j-1
~if¥ (o) ifp=qf

0 elsewhere,

) = (10)

corresponding to eigenvalue 1. [J
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