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a b s t r a c t

In this paper, we consider the Barnes-type degenerate Euler polynomials. We present sev-

eral explicit formulas and recurrence relations for these polynomials. Also, we establish a

connection between our polynomials and several known families of polynomials.
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1. Introduction

The goals of this paper are to use umbral calculus to obtain several new and interesting identities of Barnes-type degenerate

Euler polynomials. Umbral calculus has been used in numerous problems of mathematics (for example, see [1,4,5,7,11–14,17])

and used in different areas of physics; for example it is used in group theory and quantum mechanics by Biedenharn et al. [2,3]

(for other examples, see [12] and references therein).

Recall that the Bernoulli numbers of order s (see [9,10]) are defined by the generating function to be(
t

et − 1

)s

=
∑
�≥0

B(s)
�

t�

�!
. (1)

For μ ∈ C with μ � 1, the Frobenius–Euler polynomials of order s (see [6,7]) are defined by the generating function to be(
1 − μ

et − μ

)s

etx =
∑
�≥0

H(s)
� (x|μ)

t�

�!
. (2)

For r ∈ Z>0, the Barnes-type degenerate Euler polynomials En(λ, x|a1, . . . , ar) are defined by the generating function

r∏
i=1

(
2

(1 + λt)ai/λ + 1

)
(1 + λt)x/λ =

∑
n≥0

En(λ, x|a1, . . . , ar)
tn

n!
. (3)
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If x = 0, En(λ|a1, . . . , ar) = En(λ, 0|a1, . . . , ar) are called the Barnes-type degenerate Euler numbers. We note here that

lim
λ→0

En(λ, x|a1, . . . , ar) = En(x|a1, . . . , ar),

lim
λ→∞

λ−nEn(λ, λx|a1, . . . , ar) = (x)n = x(x − 1)(x − 2) · · · (x − n + 1),

where
∏r

i=1(
2

eait+1
)etx =∑n≥0 En(x|a1, . . . , ar)

tn

n! . For x = r = a1 = 1, we write En(1) = En(1|1) (see [9,10]). In the special case of

a1 = ��� = ar = 1, E(r)
n (λ, x) = En(λ, x|1, . . . , 1) are called the degenerate Euler polynomials of order r (see [8]).

In order to study the Barnes-type degenerate Euler polynomials, we use of the umbral calculus technique. Let � be the algebra

of polynomials in a single variable x over C. We denote the vector space of all linear functionals on � by �∗. The action of a linear

functional L � �∗ on a polynomial p(x) is denoted by 〈L|p(x)〉, and linearly extended as 〈cL + c′L′|p(x)〉 = c〈L|p(x)〉 + c′〈L′|p(x)〉,

where c, c′ ∈ C (see [15,16]). Let

H =
⎧⎨
⎩f (t) =

∑
k≥0

ak

tk

k!
| ak ∈ C

⎫⎬
⎭ (4)

be the algebra of formal power series in a single variable t. The formal power series in the variable t defines a linear functional

on � by setting 〈f(t)|xn〉 = an, for all n � 0 (see [15,16]). So, by (4), we have

〈tk|xn〉 = n!δn,k, for all n, k ≥ 0, (see [15,16]), (5)

where δn, k is the Kronecker’s symbol. Let fL(t) =∑n≥0〈L|xn〉 tn

n! . By (5), we have that 〈fL(t)|xn〉 = 〈L|xn〉. So, the map L 
→ fL(t) is a

vector space isomorphism from �∗ onto H. Thus, H is thought of as set of both formal power series and linear functionals. We

call H the umbral algebra. The umbral calculus is the study of umbral algebra.

The order O(f(t)) of the non-zero power series f(t) is the smallest integer k for which the coefficient of tk does not vanish

(see [15,16]). If O(f(t)) = 1 (respectively, O(f(t)) = 0), then f(t) is called a delta (respectively, an invertable) series. Suppose that

O(f(t)) = 1 and O(g(t)) = 0, then there exists a unique sequence sn(x) of polynomials such that 〈g(t)(f(t))k|sn(x)〉 = n!δn, k, where

n, k � 0. The sequence sn(x) is called the Sheffer sequence for (g(t), f(t)), and we write sn(x) � (g(t), f(t)) (see [15,16]). For f (t) ∈ H
and p(x) � �, we have that 〈eyt|p(x)〉 = p(y), 〈f(t)g(t)|p(x)〉 = 〈g(t)|f(t)p(x)〉, f (t) =∑n≥0〈f (t)|xn〉 tn

n! and p(x) =∑n≥0〈tn|p(x)〉 xn

n! .

Therefore,

〈tk|p(x)〉 = p(k)(0), 〈1|p(k)(x)〉 = p(k)(0), (6)

where p(k)(0) denotes the kth derivative of p(x) with respect to x at x = 0. So, by (6), we get that tkp(x) = p(k)(x) = dk

dxk p(x), for all

k � 0, (see [15,16]).

Let sn(x) � (g(t), f(t)). Then we have

1

g( ¯f (t))
ey ¯f (t) =

∑
n≥0

sn(y)
tn

n!
, (7)

for all y ∈ C, where ¯f (t) is the compositional inverse of f(t) (see [15,16]). For sn(x) � (g(t), f(t)) and rn(x) � (h(t), �(t)), let

sn(x) =∑n
k=0 cn,krk(x), then we have

cn,k = 1

k!

〈
h( ¯f (t))

g( ¯f (t))
(�( ¯f (t)))k|xn

〉
, (8)

(see [15,16]).

By the theory of Sheffer sequences, it is immediate that the Barnes-type degenerate Euler polynomial is the Sheffer sequence

for the pair g(t) =∏r
i=1

(
eait+1

2

)
and f (t) = 1

λ
(eλt − 1). Thus

En(λ, x|a1, . . . , ar) ∼
(

r∏
i=1

(
eait + 1

2

)
,

1

λ
(eλt − 1)

)
. (9)

The aim of the present paper is to present several new identities for Barnes-type degenerate Euler polynomials by the use of

umbral calculus.

2. Explicit expressions

In this section we suggest several explicit formulas for the Barnes-type degenerate Euler polynomials. In order to do that, we

recall that the Stirling numbers S1(n, m) of the first kind are defined as (x)n =∑n
m=0 S1(n, m)xm ∼ (1, et − 1) or 1

j!
(log(1 + t))j =∑

�≥j S1(�, j) t�

�! . Define (x|λ)n to be λn(x/λ)n, for all n. Also, we define

Pr(t) =
r∏

i=1

(
2

(1 + λt)ai/λ + 1

)
.
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