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a b s t r a c t

In this paper, a new wavelet method based on the Hermite wavelet expansion together with

operational matrices of fractional integration and derivative of wavelet functions is proposed

to solve time-fractional modified Fornberg–Whitham (mFW) equation. The approximate solu-

tions of time fractional modified Fornberg–Whitham equation which are obtained by Hermite

wavelet method are compared with the exact solutions as well as the solutions obtained by

optimal homotopy asymptotic method (OHAM). The present numerical scheme is quite sim-

ple, effective and expedient for obtaining numerical solution of fractional modified Fornberg–

Whitham equation.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

The calculus of integrals and derivatives of arbitrary real or complex order (generally known as Fractional calculus) has gained

widespread popularity during the past three decades or so, mostly due to its demonstrated applications in various fields of

engineering and science.

The Fornberg–Whitham equation is given by [1]
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which was first proposed by Whitham in 1967 for studying the qualitative behavior of wave breaking [2]. In 1978, Fornberg and

Whitham [3] obtained a peaked solution consisting of an arbitrary constant. Modifying the nonlinear term u ∂u
∂x

in (1.1) to u2 ∂u
∂x

,

He et al. proposed in [1] the modified Fornberg–Whitham equation as follows
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Consider the following time-fractional modified Fornberg–Whitham equation
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Here 0 < α ≤ 1, is the parameter representing the order of the fractional time derivative. The fractional derivative is consid-

ered in the Caputo sense.

∗ Corresponding author. Tel.: +91 6612462709.

E-mail address: santanusaharay@yahoo.com, saharays@nitrkl.ac.in (S.S. Ray).

http://dx.doi.org/10.1016/j.amc.2015.05.045

0096-3003/© 2015 Elsevier Inc. All rights reserved.

http://dx.doi.org/10.1016/j.amc.2015.05.045
http://www.ScienceDirect.com
http://www.elsevier.com/locate/amc
http://crossmark.crossref.org/dialog/?doi=10.1016/j.amc.2015.05.045&domain=pdf
mailto:santanusaharay@yahoo.com
mailto:saharays@nitrkl.ac.in
http://dx.doi.org/10.1016/j.amc.2015.05.045


136 S.S. Ray, A.K. Gupta / Applied Mathematics and Computation 266 (2015) 135–148

A great deal of research work has been invested in recent years for the study of classical order modified Fornberg–Whitham

equations. Various methods such as the bifurcation theory and the method of phase portraits analysis [1], reduced differential

transform method [4], and variational iteration method [5] have been developed independently for the solution of modified

Fornberg–Whitham equation. But according to the best possible information of the authors, the detailed study of the nonlinear

fractional order modified Fornberg–Whitham equation is only beginning. Our aim in the present work is to implement two-

dimensional Hermite wavelet and optimal homotopy asymptotic method in order to exhibit the capabilities of these methods in

handling nonlinear equation like fractional order modified Fornberg–Whitham equation.

This paper is devoted to study the time-fractional modified Fornberg–Whitham equation. Therefore, the present paper em-

phasizes on the application of two-dimensional Hermite wavelet technique for solving the problem of time-fractional modified

Fornberg–Whitham equation. The obtained numerical approximate results of this method are then compared with the exact

solutions and also with OHAM solutions for fractional order.

The framework of the paper is as follows: in Section 2, a quick review of the theory of fractional calculus has been provided for

precise purpose of this paper. The mathematical preliminaries of Hermite wavelet is presented in Section 3. The approximation

of function using Hermite wavelet and the operational matrices are presented in Sections 4 and 5 respectively. The basic idea

of optimal homotopy asymptotic method (OHAM) is discussed in Section 6. To determine the approximate solution for the

nonlinear time-fractional modified Fornberg–Whitham equation, two-dimensional Hermite wavelet method has been applied

in Section 7. In Section 8, algorithm of Hermite wavelet has been presented. In Section 9, comparison of proposed method with

regard to OHAM for the solution of time-fractional modified Fornberg–Whitham equation has been discussed. The convergence

of two-dimensional Hermite wavelet is discussed in Section 10. The numerical results and discussions are discussed in Section 11

and Section 12 concludes the paper.

2. Fractional derivative and integration

Definition. The Riemann–Liouville fractional integral operator Jα(α > 0) of a function f (t),is defined as [6,7]
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Some of the properties of the operator Jα are as follows:
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Definition. The Caputo fractional derivative 0Dα
t of a function f(t) is defined as [6,7]
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Some properties of the Caputo fractional derivative are as follows:
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3. Hermite wavelets

The Hermite polynomials Hm(x) of order m are defined on the interval (−∞,∞), and can be determined with the aid of the

following recurrence formulae:

H0(x) = 1,

H1(x) = 2x,

Hm+1(x) = 2xHm(x) − 2mHm−1(x), m = 1, 2, 3, . . .

The Hermite polynomials Hm(x) are orthogonal with respect to the weight function e−x2
.

The Hermite wavelets are defined on interval [0, 1) by [8]
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