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In this paper we will study a non-autonomous piecewise linear difference equation which

describes a discrete version of a single neuron model with a periodic internal decay rate. We

will investigate the periodic behavior of solutions relative to the periodic internal decay rate.

Furthermore, we will show that only periodic orbits of even periods can exist and show their

stability character.
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1. Introduction

In [1], the delayed differential equation

x′(t) = −g(x(t − τ )) (1)

is used as a model for a single neuron with no internal decay; where g: R → R is either a sigmoid or a piecewise linear signal

function and τ ≤ 0 is a synaptic transmission delay. From (1) it is possible to obtain a discrete-time network of a single neuron

model as follows:

xn+1 = βxn − g(xn), n = 0, 1, 2, . . . , (2)

where β > 0 is an internal decay rate, g is a signal function.

In [2], Eq. (2) was analyzed as a single neuron model where a signal function g is the following piecewise constant with

McCulloch-Pitts nonlinearity:

g(x) =
{

1, x ≥ 0,

−1, x < 0.
(3)

Similar models of one, two or three neurons with constant internal decay rate β were studied in [3–12].

In this paper we will investigate the periodic character of solutions relative to the periodic internal decay rate; in particular,

we will study the following non-autonomous piecewise linear difference equation:

xn+1 = βnxn − g(xn), (4)
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Fig. 1. Example of graphs of functions h1, when 0 < β0 < 1, and h2(x), when 1 < β1.

where

βn =
{
β0, if n is even,

β1, if n is odd

and g is in the form (3). So far the neuron model (2) has not been studied with a periodic internal decay rate β; therefore, we

will have the opportunity to study this new idea in this paper. It is our goal to study the periodic cycles of (4) and their basin of

attraction.

First we define

h1(x) =
{
β0x − 1, x ≥ 0,

β0x + 1, x < 0,

and

h2(x) =
{
β1x − 1, x ≥ 0,

β1x + 1, x < 0,

then it is possible that (4) be considered in the following form (see Fig. 1):

xn+1 =
{

h1(xn), if n is even,

h2(xn), if n is odd.

The points of the solution of (4) are located on the h1 and h2. We investigate nonlinear process.

The paper is organized as follows. In Section 2, we first give some basic concepts and definitions of difference equations used

throughout the paper; then we analyze Eq. (4) and formulate the results about the periodicity and stability. At the end we will

give some concluding remarks and future ideas.

2. Basic concepts and definitions of difference equations

To analyze the behavior of (4), it is essential to review some basic theory of difference equations (see [2,13,14]).

Consider a first order difference equation in the form

xn+1 = f (xn), n = 0, 1, . . . , (5)

where f: R → R is a given function. A solution of (5) is a sequence (xn)n ∈ N that satisfies (5) for all n = 0, 1, . . .. If an initial condition

x0 ∈ R is given, then the orbit O(x0) of a point x0 is defined as a set of points

O(x0) = {x0, x1 = f (x0), x2 = f (x1) = f 2(x0), x3 = f (x2) = f 3(x0), . . .}.
Definition 1. A point xs is said to be a fixed point of the map f, an equilibrium point or a stationary state of (5) if f (xs) = xs.

Note that for a stationary state xs the orbit consists only of the point xs.

Definition 2. A stationary state of (5) is stable if

∀ε > 0 ∃δ > 0 ∀x0 ∈ R ∀n ∈ N |x0 − xs| < δ ⇒ | f n(x0) − xs| < ε.

Otherwise, the stationary state xs is unstable.
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