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We give upper and lower bounds for the moments and the uniform moments of Bernstein

polynomials. Asymptotically, such bounds are best possible.
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1. Introduction and main results

Throughout this paper, N is the set of positive integers, N0 = N ∪ {0}, and τ (x) = x(1 − x), x ∈ [0, 1]. We will denote by sgn(·)
the real function defined by sgn(z) = 1, if z > 0, sgn(z) = −1, if z < 0, and sgn(0) = 0. For any function f : [0, 1] → R and n ∈ N,

the nth Bernstein polynomial of f is defined by

Bn( f, x) =
n∑

k=0

(
n

k

)
f

(
k

n

)
xk(1 − x)n−k. (1)

In many problems concerning the behaviour of Bernstein polynomials, it is necessary to estimate the absolute value of the

central moments

μn,k(x) = Bn((e1 − x)k, x), n ∈ N, k ∈ N0, (2)

where e1(t) = t . Bernstein [2] was the first to note that the central moments are important in obtaining Voronoskaja’s type

theorems. In this respect, the following inequalities are known

[2, Bernstein],

| μn,k(x) |≤ k!

nk/2
exp(τ (x)), max{| x |, | 1 − x |} ≤ √

n,

[10, Veselinov],

| μn,k(x) |≤ k! n1/5

(n ln n)k/2
, x ∈ [0, 1], n ≥ 2,

[6, p. 15, Lorentz],

μn,2k(x) ≤ Mk

nk
, x ∈ [0, 1],
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[3, Ditzian],

μn,2k(x) ≤ Mk

(
x(1 − x)

n

)k

, B > 0,
B

n
≤ x ≤ 1 − B

n
,

[4, Gavrea-Ivan]

| μn,k+1(x) |≤ Mkx(1 − x)

nk
, nx(1 − x) ≤ 1,

where n ∈ N, k ∈ N0, and, in each case, Mk is an unspecific constant only depending upon k.

The aim of this paper is to improve the aforementioned estimates by providing explicit upper and lower bounds for the central

moments μn,k(x), as well as for the corresponding uniform moments μn,k defined by

μn,k = sup
0≤x≤1

|μn,k(x)|, n ∈ N, k ∈ N0.

As we will see, all of such bounds are best possible from an asymptotic point of view.

Unless otherwise specified, we assume from now on that x ∈ [0, 1]. A direct computation shows that (see also [2]

and [6, p. 14])

μn,0(x) = 1, μn,1(x) = 0, μn,2(x) = τ (x)

n
, μn,3(x) = (1 − 2x)τ (x)

n2
, (3)

μn,4(x) = 3τ (x)2

n2
+ τ (x)

n3
(1 − 6τ (x)) (4)

and

μn,5(x) =
(

10τ (x)2

n3
+ τ (x)

n4
(1 − 12τ (x))

)
(1 − 2x). (5)

The main results of this paper are stated as follows.

Theorem 1. For any n ∈ N and k ∈ N0, we have∣∣∣∣μn,2k+1(x) − Ak(1 − 2x)
τ (x)k

nk+1

∣∣∣∣ ≤ Bkτ (x)

nk+2
|1 − 2x| (6)

and ∣∣∣∣μn,2k(x) − Ck

τ (x)k

nk

∣∣∣∣ ≤ Dkτ (x)

nk+1
, (7)

where

Ak := k(2k + 1)!

3 k! 2k
, Bk := (k − 1)Ak, Ck := (2k)!

k! 2k
and Dk := k(k − 1)Ck. (8)

Theorem 2. In the setting of Theorem 1, we have∣∣∣∣μn,2k+1 − Akkk

2k(2k + 1)k+1/2nk+1

∣∣∣∣ ≤ Bk

6
√

3nk+2
(9)

and ∣∣∣μn,2k − Ck

4knk

∣∣∣ ≤ Dk

4nk+1
. (10)

An immediate consequence of the previous results is the following:

Corollary 1. For any k ∈ N0, we have

lim
n→∞ nk+1μn,2k+1(x) = Akτ (x)k(1 − 2x), (11)

lim
n→∞ nkμn,2k(x) = Ckτ (x)k, (12)

lim
n→∞ nk+1μn,2k+1 = Akkk

2k(2k + 1)k+1/2
, (13)

and

lim
n→∞ nkμn,2k = Ck

4k
. (14)
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