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1. Introduction

In applied science, many models are the oscillatory integrals. This paper discusses the computation of highly oscillatory
integrals

] .
1] = / 100 l0g((x — ) e, (1)

where o € [—1, 1], f{x) is a sufficiently smooth real-valued function and @ > 1. To compute (1.1) is difficult because of high
oscillation and logarithmic singularities, which means that the previous methods may not be immediately used to the integral
(see [1-19]).

Recently, a Filon-Clenshaw-Curtis approach

l .
Zf = [ 000 log((x — a))edx ~111] (12)
' -1
is presented to evaluate (1.1) [20]. The polynomial v(x) of degree N which interpolates f at Chebyshev nodes satisfies the
conditions
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v(cos (an)) = f(cos (%) n=0,1,...,N. (1.3)

Dominguez’s method (1.2) is effective to approximate (1.1), but the error only satisfies O(w=") for @ > 1.

In this paper, our aim is to introduce a higher order method to obtain the approximation, where its moments can be evaluated
by a simpler algorithm. Assume that the interpolation function H(x) of f(x) is the special Hermite interpolation polynomial of f{x)
at the Clewshaw-Curtis points ¢, = cos(’fF ) and singular point «, then the approximation of (1.1) can be denoted by

1
Q[f]= L H(x) log((x — &x)?)e'“*dx. (1.4)

In (1.4), H(x) can be constructed according to the following three cases:
o Ifa = +1, then
H® (=1) = fO (1), H(en) = fen). HO (1) = fO(1) (15)

wheren=1,2,...,N—-1landk=0,1,...,s.
«If-1 <o <1anda = cos % for [ € [1,N — 1], then

H®(=1) = f9(=1),H(ca) = few), H¥ (@) = fO (), HY (1) = fO (1) (1.6)

wheren=1,2,...,1-1,1+1,...,N—-1andk=0,1,...,s.
- If -1 <oc<1andot;écos%f0r‘v’le[l,N—l],then

H® (=1) = fO(=1),H(c) = f(cn), HY (@) = f© (@), HV (1) = F0 (1) (1.7)
wheren=1,2,...,lp—1,lp+1,...,N-1,k=0,1,..., sandc,0 <o < Cpa;s |cl0 —ol < |Clo+1 —al.

The polynomials H(x) defined by (1.4) can be expressed as
N+2s
Hx) =Y aTj(x). asa==+1 (1.8)
j=0

and
N-+3s

Hx) =Y aTjx), as -1<a<1, (1.9)
j=0

where Tj(x) is the Chebyshev polynomial of the first kind on [-1, 1]. Correspondingly, the general moments is that
1 .
M; = / T;(x) log((x — o)?)e*dx. (1.10)
-1

The outline of this paper is organized as follows: In Section 2 we give the algorithms to evaluate the moments (1.10) and the
error analysis. Numerical examples are presented in Section 3 to demonstrate the results.

2. Computation of the moments and error analysis

For the Chebyshev polynomial Tj(x) of the first kind or U;(x) of the second kind, there exists [23]

(=P = 2 (B0~ P (),

2xPj(x) = Pj1(X) + Pj_1(x). (21)
Therefore, we get
—2xP(x) + (1 = X)Pj () = (; - 1)!’“ (x) - (é + 1>Pj+1 (x). 22)
Let
1 .
K= f (1=x*)T;(x) log((x — ar)*)e“*dx. (23)
-1
Then

K

1 .
% /4 (1 =x*)T;(x) log((x — a)*)de"™

I /1 [(1 = ¥)T;(x) log((x — &)?)['e*dx
1w J 4

1 X 1 1— 2 T; i
_ _% /_ 24,00 + (1= )T (0] log (x — ))& dx - % 3 %emax. (2.4)
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