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a b s t r a c t

Various problems of pure and applied sciences can be studied in the unified frame work of

the nonlinear equations. In this paper, a new family of iterative methods for solving nonlin-

ear equations is developed by using a new decomposition technique. The convergence of the

proposed methods is proved. It is shown that the new family contains several well-known iter-

ative methods as special case. For the implementation and performance of the new methods,

a nonlinear equation arising in the population model and another one arising in the motion of

a particle on inclined plane is solved.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

In recent years, much attention has been specified to build up several iterative methods for solving nonlinear equations, see

[1–15] and the references therein. Abbasbandy [1] and Chun [5] have used Adomian decomposition method [2] and its different

modifications to find out the solution of nonlinear equations. In this work, a new decomposition technique [3] which is quite

different from Adomian decomposition method [2], is used to develop a family of iterative methods for solving the nonlinear

equations.

We would like to point out that in the implementation of the Adomian decomposition method; one has to calculate the

derivatives of the so-called Adomian polynomials which it is difficulty of Adomian method. To overcome the disadvantage of

Adomian method, the decomposition of Bhalekar and Daftardar-Gejji [3], as developed by Noor and Noor [9], is used in this

work. The said decomposition technique [3] does not occupy the high-order differentials of the function and is very simple as

compared to the Adomian method. He [8] has suggested that the nonlinear equations can be written as a coupled system of

equations. Noor et al. [12–14] have used the idea of coupled system of equations with the decomposition technique of Bhalekar

and Daftardar-Gejji [3], to develop several iterative methods to solve the nonlinear equations.

In this work, decomposition method [3] elegantly combined with the coupled system of equations, is used to develop new

family of iterative methods. It is shown that the proposed family of iterative methods restrains several well-known iterative

techniques as special case. The convergence of the suggested family of method is also proved. Some numerical examples includ-

ing the population model and problem of the motion of a particle on inclined plane, are solved to illustrate the efficiency and

performance of proposed iterative methods.
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2. Iterative methods

Consider the nonlinear equation

f (x) = 0 (1)

Using the quadrature formula and fundamental law of calculus the function f(x) can be approximated as:

f (x) ≈ f (γ ) +
[

p∑
i=1

wi f ′(γ + τi(x − γ ))

]
(x − γ ).

Assume that α is a simple root of nonlinear Eq. (1) and γ is an initial guess sufficiently close to α. Using the idea of Noor et al.

[12,13], we can rewrite the nonlinear Eq. (1) as coupled system (see also [8]):

f (γ ) +
[

p∑
i=1

wi f ′(γ + τi(x − γ ))

]
(x − γ ) + g(x) = 0, (2)

g(x) = f (x) − f (γ ) −
[

p∑
i=1

wi f ′(γ + τi(x − γ ))

]
(x − γ ), (3)

where τ i are knots, in [0,1] and wi are the weights which verify the consistency condition
p∑

i=1

wi = 1, (4)

and γ is initial approximation for a zero of (1). Eq. (2) can be rewritten in the following form:

x = γ − f (γ ) + g(x)∑p
i=1

f ′(γ + τi(x − γ ))
= c + N(x), (5)

where

c = γ , (6)

and

N(x) = − f (γ ) + g(x)∑p
i=1

f ′(γ + τi(x − γ ))
. (7)

Here N(x) is a nonlinear function. To decompose N(x), we use a decomposition technique, which is mainly due to Daftardar-

Gejji and Jafari [3,6]. In their work [3,6], the authors have developed the said decomposition technique to solve the nonlinear

functional equations. But in this paper, we develop the same decomposition technique to suggest the iterative algorithms for

nonlinear equations of the type f (x) = 0. This decomposition of the nonlinear function N(x) is quite different from Adomian

decomposition. The main idea of this technique is to find the solution in the following series form:

x =
∞∑

i=0

xi. (8)

The nonlinear operator N can be decomposed as:

N(x) = N(x0) +
∞∑

i=1

{
N

(
i∑

j=0

x j

)
− N

(
i−1∑
j=0

x j

)}
. (9)

Substituting (8) and (9) in (5) yields

∞∑
i=0

xi = c + N(x0) +
∞∑

i=1

{
N

(
i∑

j=0

x j

)
− N

(
i−1∑
j=0

x j

)}
. (10)

Thus, we have the following iterative scheme:

x0 = c,

x1 = N(x0),

x2 = N(x0 + x1) − N(x0),

...

xm+1 = N

(
m∑

j=0

x j

)
− N

(
m−1∑
j=0

x j

)
, m = 1, 2, . . . . (11)
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