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ARTICLE INFO ABSTRACT
Ké"YWprds: In this article, we shall consider second order nonlinear neutral differential equation of certain
Distributed delay type. Some oscillation criteria are established for second-order neutral differential equation
Neutral differential equations of the form
Oscillations

d
[f(t)ll’(f)ly‘ll’(t)]’+/c ft.x(o(t.§)))ds =0,

where z(t) = x(t) + fﬂb p(t, &)x(z(t, £))dé. An example is given to show the applicability of our
results.
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1. Introduction

This article is concerned with the second-order nonlinear neutral differential equation with distributed deviating arguments
d
[r®OZOF'ZO] + / flt.x(o(t.§)))d§ =0, (1
Cc

where z(t) = x(t) + fabp(t, Enx(t(t,€))dé, y >0,0 <a<b,0 < c < d. Throughout this paper it is assumed that

(Hy) t(t, &) € (([tg, ) x [a, b], (0, )), T(t, &) < tfor& € [a,b], T(t,£) — o ast — oo,

(Hy) o(t, &) € CY([ty, ) x [c, d], (0, )), o (t, £) is decreasing with respect to &, o (t, £) < tfor £ € [c,d], o(t, &) — 0 as t — oo,
o1(t)=o(t,d)and o (t) > 0,

(Hs) p(t.) = 0and 0 < P(O) = [ p(t. £)d§ <1,

(Hg) 1(t) € (([to, ), (0, ), j[z"(ﬂ%ﬁ dt = oo,

(Hs) f : [to, 00) x R — Ris a continuous function such that uf{t, u) > 0 for all u = 0 and there exists a function q(t, £ ) € (([tg, ) x
[c,d], [0, «)) such that |f(t, u)| = q(t, &)|u”|.

In recent years, there has been extensive research about the oscillation criteria for second-order delay differential equations.
In [1], the second-order delay differential equation of the form
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was studied. They gave two main results respect to the range of «. Later, (2) was studied by Sun and Meng in [2] and they
improved the results in [1]. Furthermore, Dong [3] extended the results in [1] to the second order nonlinear neutral differential
equations with deviating arguments of the form

r®lZO'ZO) +fExo @O =0, o>0,

where z(t) = x(t) + p(t)x(t (t)). Recently, there has been increasing interest in obtaining sufficient conditions for the oscillation of
solutions of neutral differential equations with distributed deviating arguments, see [4-6], and the references cited therein. For
the books on the subject of neutral differential equations, we refer the reader to [7-11].

The purpose of this article is to give sufficient conditions for the oscillatory behavior of (1) which involves distributed deviating
arguments.

The function x is said to be a solution of (1) if the function z(t) and r(t)|z/(t)|¥ ~ Z/(t) are continuously differentiable and x(t)
satisfies Eq. (1) for t > tg. A solution of (1), which is nontrivial for all large t, is called oscillatory if it has no last zero. Otherwise, a
solution is called nonoscillatory.

2. Main results

We use the following notations for the simplicity:

d 00 /
Qo= [[1-PeEOVqeedE Qo= [ Qs ad RO= Yo®
c t 7 (o1(t))
Theorem 2.1. Assume that
~ Qdt = . 3)

to

Then, Eq. (1) is oscillatory.

Proof. Let x(t) be a nonoscillatory solution of (1). We assume without loss of generality that x(t) is eventually positive, that is,
there exists a ty > 0 such that x(t) > 0 for t > ty and therefore there exists a t; > tg such that x(t(t,£)) > 0 fort > t; and & € [a, b],
x(o(t,€))>0fort >ty and & € [c, d]. If x(t) is an eventually negative solution, it can be proved by the same arguments. From
(Hs), we have

d d
[rOlZO"'20) = —fc ft.x(o(t.§)))dé < —fc q(t.§)x" (o (t.§))d§ < 0. (4)

Hence, 1(t)|z(t)| ~1Z(t) is decreasing. Thus, we have two possible cases for Z/(t). (i) Z/(t) < 0 eventually, (ii) Z(t) > 0 eventually.
(i) Assume that Z(t) < O for t > t1. Using decreasing nature of r(t)|z/(t)]¥ ~1Z/(t), we obtain
rOIZOF 20 <rt)lZ (@) 'Z (), t=6>t. (5)

Dividing both sides of (5) by r(t), integrating from t, to t and using (H,), we obtain
t
z(t) < z(t) — rv (£2)IZ (t2)] / rv (s)ds - —c0 as t— oo,
t

which contradicts positive nature of z(t).
(ii) Assume that Z/(t) > 0 for t > ty. Since z(t) > x(t) and z(t) is increasing, we have

b
2(6) = x(0) + / p(t. E)x(r (t, £))dE
b
< X(O)+ / p(t.£)2(t (t. £))dé
b
< X(O+ / p(t. £)z(0)d.

Thus, from the last inequality we have
A-PO)zt) <x(t), t2t>t
or
(APl Nz . EN) <x'(@(t.§). t>tz>1t; and § ec.d]. (6)

Substituting (6) into (4) and using decreasing nature of o (t, &) with respect to &, we obtain

d
[rO@©)Y] < —/C [1-Plo .5 qt.§)z" (o (t. d)ds
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