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a b s t r a c t

We consider a class of nonlinear matrix equations of the type

X ¼ Q þ
Xm

i¼1

A�i GðXÞAi �
Xk

j¼1

B�jKðXÞBj; ð1Þ

where Q is a positive definite matrix, Ai;Bj are arbitrary n� n matrices and G;K are two
order-preserving or order-reversing continuous maps from HðnÞ into PðnÞ. In this paper
we first discuss existence and uniqueness of coupled fixed points in a L-space endowed
with reflexive relation. Next on the basis of the coupled fixed point theorems, we prove
the existence and uniqueness of positive definite solutions to such equations.

� 2015 Elsevier Inc. All rights reserved.

1. Introduction

The existence of some new fixed point theorems for contractive maps in partially ordered metric spaces has been consider
recently. The first result in this direction was given by Ran and Reurings [1], where they extended the Banach contraction
principle in partially ordered sets and presented some applications to matrix equations. For more details about general non-
linear matrix equations we also refer to the articles [2–6]. Also, existence and uniqueness of fixed point in ordered L-spaces
has been considered in [7–9], where some applications to matrix equations are presented. During the last few decades, the
discussion on coupled fixed point theorems has been growing rapidly because of their important role in the study of
nonlinear differential equations, nonlinear integral equations and nonlinear matrix equations. In [10], Bhaskar and
Lakshmikantham established some coupled fixed theorems in ordered metric spaces for mappings having the mixed mono-
tone property and satisfying a given contractive condition. In this paper, we discuss some results on the existence and
uniqueness of coupled fixed points in L-spaces endowed with a reflexive relation and some applications to nonlinear matrix
equations. In order to apply coupled fixed point results, we use from coupled fixed points of the nonlinear map:

F : HðnÞ � HðnÞ ! HðnÞ; FðX;YÞ ¼ Q þ
Xm

i¼1

A�i GðXÞAi �
Xk

j¼1

B�jKðYÞBj; ð2Þ

with respect to partial order 6 on HðnÞ. where HðnÞ is the set of all n� n Hermitian matrices and Q is a positive definite
matrix, Ai;Bj are arbitrary n� n matrices and G;K are two order-preserving or order-reversing continuous maps from
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HðnÞ into PðnÞ such that Gð0Þ ¼ Kð0Þ ¼ 0. In the rest of this introduction we will briey recall the definitions and basic proper-
ties of L-spaces. For more informations we refer to [11,7,12].

Definition 1.1. Let X be a nonempty set. Denote sðXÞ ¼ fxngn2N : xn 2 X; n 2 N
� �

. Suppose that cðXÞ � sðXÞ a subset of sðXÞ
and Lim : cðXÞ ! X a mapping. Then the triple X; cðXÞ; Limð Þ is called an L-space (Fréchet [13]) if the following conditions are
satisfied:

(i) If xn ¼ x, for all n 2 N, then fxngn2N 2 cðxÞ and Limðfxngn2NÞ ¼ x.
(ii) If fxngn2N 2 cðxÞ and Limðfxngn2NÞ ¼ x, then for all subsequences, fxnk

gk2N of fxngn2N we have that fxnk
gk2N 2 cðXÞ and

Limðfxnk
gk2NÞ ¼ x.

The elements of cðXÞ are called convergent sequences and Limðfxngn2NÞ is the limit of the sequence, also written xn ! x as
n!1. An L-space is denoted by ðX;!Þ.

Notation 1.2. Let X be a nonempty set and let f : X � X ! X be a mapping. We define f 0ðx; yÞ ¼ x and

f nðx; yÞ ¼ f f n�1ðx; yÞ; f n�1ðy; xÞ
� �

for all x; y 2 X; n 2 N.

Definition 1.3. Let X be a nonempty set and let f ; g : X � X ! X be two map. Then

(i) The Cartezian product of f and g is denoted by f � g, and it is defined in the following way:

f � gðx; yÞ ¼ f ðx; yÞ; gðy; xÞð Þ:

(ii) An element ðx; yÞ 2 X � X is called a coupled fixed point of f, if f ðx; yÞ ¼ x and f ðy; xÞ ¼ y and an element x 2 X is called a
fixed point of f, if f ðx; xÞ ¼ x. We will denote the set of all the coupled fixed points of f by Fc

f and the set of all the fixed
points of f by Ff .

(iii) An element ðx; yÞ 2 X � X is called a coupled attractor basin element of f with respect to ðx�; y�Þ 2 X � X, if f nðx; yÞ ! x�

and f nðy; xÞ ! y�, as n!1 and an element x 2 X is called an attractor basin element of f with respect to x� 2 X, if
f nðx; xÞ ! x�, as n!1. We will denote the set of all the coupled attractor basin elements of f with respect to
ðx�; y�Þ by Ac

f ðx�; y�Þ and the set of all the attractor basin elements of f with respect to x� 2 X by Af ðx�Þ.
(iv) The mapping f is called orbitally continuous if ðx; yÞ; ða; bÞ 2 X � X and f nk ðx; yÞ ! a; f nk ðy; xÞ ! b, as k!1 imply

f nkþ1ðx; yÞ ! f ða; bÞ and f nkþ1ðy; xÞ ! f ðb; aÞ as k!1.
(v) The mapping f is called a Picard operator, if there exists x� 2 X such that:

(1) Ff ¼ fx�g.
(2) Af ðx�Þ ¼ X.

Also f is called a weakly Picard operator, if the sequences ff nðx; xÞgn2N converge for all x 2 X and the limits (which may
depend on x) are a fixed points of f.

Definition 1.4. An ordered L-space is a triple ðX;!;6Þ such that

(i) ðX;!Þ is an L-space.
(ii) ðX;6Þ is a partially ordered set.

(iii) If xn ! x; yn ! y as n!1 and xn 6 yn for all n 2 N, then x 6 y.

Let ðX; dÞ be a metric space, and consider cðXÞ the family of all d-convergent sequences and Lim is the mapping that sends
every d-convergent sequence into its limit. Thus every metric space is a L-space. Therefore, a mapping f : X � X ! X is Picard
mapping if there exists x� 2 X such that Ff ¼ fx�g and f nðx; xÞ ! x�, as n!1 for all x 2 X.

Example 1.5. Let ðX; dÞ be a complete metric space, and f : X � X ! X is a k-contraction, i.e., there exists a k 2�0;1½ with:

dðf ðx; yÞ; f ðu; vÞÞ 6 k
2
½dðx;uÞ þ dðy; vÞ�; 8x; y;u; v 2 X:

Then by induction we have

dðf nþ1ðx; xÞ; f nðx; xÞÞ 6 kndðf ðx; xÞ; xÞ:
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