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a b s t r a c t

This article contains the existence results of the mild solutions of an abstract semilinear
neutral fractional differential equations with not instantaneous impulses. The results are
proved by using the theory of analytic a-resolvent family and fixed point theorems. One
application involving partial differential equations with impulses are presented.
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1. Introduction

There are several fields of research in which the topic of fractional differential equations have recently emerged as an
important tools to model real world problems. It has great applications in several disciplines and various fields of science
such as physics, polymer rheology, regular variation in thermodynamics, biophysics, blood flow phenomena, aerodynamics,
electrodynamics of complex medium, visco-elasticity, electrical circuits, electron-analytical chemistry, biology, control
theory and fitting of experimental data, etc. For more details one can see [17,18] and references therein.

Neutral type differential equations mainly look as models of electrical network arise in high speed computers, for
example these are used to interconnect switching circuits. For further detail of such type neutral differential equations
we refer the reader to see the papers [3,7,12,15,16] and reference therein.

Fractional order functional differential equations originate in several fields of applied mathematics, science and engineer-
ing problems. Recently fractional functional differential equations with state dependent delay seems frequently in many
fields as modeling of equations, panorama of natural phenomena and porous media. See for more details in the cited papers
[1–7,13–15].

The differential equations with impulsive effects have been appeared as in natural description evolution processes. The
impulsive effect can be shown in many biological phenomena involving thresholds, bursting rhythm models in medicine and
biology, optimal control model in economics, pharmacokinetics and frequency modulated system etc. See the cited papers
[1,3,8–12,19–21] for more detail of this topic.

The differential equation with not instantaneous impulsive condition first time used by the author’s [20] for the following
abstract problem

u0ðtÞ ¼ AuðtÞ þ f ðt;uðtÞÞ; t 2 ðsi; tiþ1�; i ¼ 0;1; . . . ;N; ð1Þ
uðtÞ ¼ giðt;uðtÞÞ; t 2 ðti; si�; i ¼ 1;2; . . . ;N; ð2Þ
uð0Þ ¼ x0; ð3Þ
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where A : DðAÞ � X ! X is the generator of a C0-semigroup of bounded operators fTðtÞgtP0 defined on a Banach space X. In
[20], authors have introduced the concepts of mild and classical solution and established the existence results for class of
these types of the problems by using fixed point theorems.

Further, Pierri et al. [21] extend the results of [20] in the study of the problem (1)–(3) using the theory of analytic semi-
group and fractional power of closed operators and established the existence results of solutions.

Motivated by the above said work of [20,21], we consider the following fractional functional differential equations with
not instantaneous impulses:

CDa
t Q yqðt;yt Þ

� �
¼ AQ yqðt;ytÞ

� �
þ f t; yqðt;ytÞ;Byqðt;ytÞ

� �
; t 2 ðsi; tiþ1�; i ¼ 0;1; . . . ;N; ð4Þ

yðtÞ ¼ giðt; yðtÞÞ; t 2 ðti; si�; i ¼ 1;2; . . . ;N; ð5Þ

yðtÞ ¼ /ðtÞ; t 2 ð�1; 0�; ð6Þ

where CDa
t is Caputo’s fractional derivative of order 0 < a � 1 and operational interval J ¼ ½0; T�. The map A : DðAÞ � X ! X is

the a closed linear sectorial operator defined on a Banach space ðX; k � kÞ; 0 ¼ t0 ¼ s0 < t1 6 s1 6 t2 < . . . < tN 6 sN 6 tNþ1 ¼ T ,
are pre-fixed numbers, gi 2 Cððti; si� � X; XÞ for all i ¼ 1;2; . . . ;N. f : J �Bh �Bh ! X; Qðyqðt;ytÞÞ ¼ yðtÞ þ hðt; yqðt;yt ÞÞ;
Qð/Þ ¼ /ð0Þ þ hð0;/Þ and q : J �Bh ! ð�1; T� are appropriate functions. The history function yt : ð�1;0� ! X is element
of Bh and defined by ytðhÞ ¼ yðt þ hÞ; h 2 ð�1;0� and the function / also belong to Bh. The term Bðyqðt;ytÞÞ is given by

Bðyqðt;yt ÞÞ ¼
R t

0 Kðt; sÞðyqðs;ysÞÞds, where K 2 CðD;RþÞ, is the set of all positive functions which are continuous on

D ¼ fðt; sÞ 2 R2 : 0 6 s 6 t < Tg and B� ¼ supt2½0;t�
R t

0 Kðt; sÞds <1. Here impulses are not instantaneous means these impulses
start abruptly at the points ti and their action continues on the interval ½ti; si� and Bh stand for phase space defined in next
section.

This paper is divided into four sections, in which second section provides some basic definitions, notations and proposi-
tions. In third section, we obtain the existence results of the mild solutions of the considered problem (4)–(6). The fourth
section is concerned with an example.

2. Preliminaries

Let ðX; k � kXÞ be a complex Banach space of functions with the norm kykX ¼ supt2JfjyðtÞj : y 2 Xg and LðXÞ denotes the
Banach space of bounded linear operators from X into X equipped with its natural topology. Due to infinite delay we use
abstract phase space Bh as defined in [11] details are as follow:

Assume that h : ð�1;0� ! ð0;1Þ is a continuous functions with l ¼
R 0
�1 hðsÞds <1; t 2 ð�1;0�. For any a > 0, we define

B ¼ w : ½�a;0� ! X such that wðtÞ is bounded and measurablef g

and equipped the space B with the norm kwk½�a;0� ¼ sups2½�a;0�kwðsÞkX ; 8 w 2 B. Let us define

Bh ¼ w : ð�1;0� ! X; s:t: for any a P c > 0;wf j½�c;0� 2 B &

Z 0

�1
hðsÞkwk½s;0�ds <1

�
:

If Bh is endowed with the norm kwkBh
¼
R 0
�1 hðsÞkwk½s;0�ds; 8 w 2 Bh, then it is clear that ðBh; k � kBh

Þ is a complete Banach
space.

To treat the impulsive conditions, we consider the space

B
0
h :¼ PCðð�1; T�; XÞ; T <1;

be a Banach space of all such functions y : ð�1; T� ! X, which are continuous every where except for a finite number of
points ti 2 ð0; TÞ; i ¼ 1;2; . . . ;N, at which yðtþi Þ and yðt�i Þ exists and endowed with the norm

kykB0h ¼ sup kyðsÞkX : s 2 ½0; T�
� �

þ k/kBh
; y 2 B

0
h;

where k � kB0h
to be a semi-norm in B

0
h.

For a function y 2 B
0
h and i 2 f0;1; . . . ;Ng, we introduce the function �yi 2 Cð½ti; tiþ1�; XÞ given by

�yiðtÞ ¼
yðtÞ; for t 2 ðti; tiþ1�;
yðtþi Þ; for t ¼ ti:

�
If y : ð�1; T� ! X such that y 2 B

0
h is continuous then for all t 2 J, the following conditions hold:

ðC1Þ yt 2 Bh.
ðC2Þ kyðtÞkX 6 HkytkBh

.
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