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Keywords: In this paper, we consider a system of two wave equations with nonlinear damping and
Gene_ral decay source terms acting in both equations in the presence of infinite-memory terms and prove
Inﬁnllte memory an explicit and general decay result. Our approach allows a wide class of kernels, among
Nonlinear

which those of exponential decay type are only special cases.

Wave equation © 2015 Elsevier Inc. All rights reserved.

Viscoelasticity

1. Introduction

In this paper, we consider the following system

Uee(X,t) — Au(x,t) + [," g(s)Au(x,t —s)ds + 2 | u[™ ue = f(u, ) in Q x (0, 0),
Ve (X,t) — Av(x, ) + [T h($)Av(x,t —s)ds + u | v v = f5(u, v) in Q x (0, 0), (1.1)
u(x,t) = v(x,t) =0, in 9Q x (0, 00),
u(x, —t) = ug(x,t), ue(x,0) =uq(x), v(x,—t) = vo(x,t), v¢(x,0) = v1(x), in Qx (0,00),

{f] W v)=alu+ o Vu+v)+b|uful o), 12)
frwvy=alu+ v Vu+v)+b|vfv|uf?, '

where u and v denote the transverse displacements of waves, Q is a bounded domain of R¥(N > 1) with a smooth boundary
0Q, p, m, r, A, W are positive constants, the kernels g and h are satisfying some conditions to be specified later and the non-
linear coupling functions describe the interaction between the two waves and can be considered as a slight modification of
the nonlinearity appeared in the well-known Klein-Gordon system [1,2,18,19]

Uy — AU+ mqu + kjur? =0,
Vi — AV +mav + kot2v = 0.
During the last half century, this type of problems has attracted a lot of attention and many results of existence, stability and

blow up have been established. We start with the pioneer work of Dafermos [7,8] where he considered certain one-dimen-
sional viscoelastic problems of the form
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{pun( t) = Cly( f gt —S)uw(x,5)ds, x€[0,1],t€[0,00),
u(0,t) = ( ) t € (—00,00).
He established various existence results and then proved, for smooth monotone decreasing relaxation functions g, that

the solutions go to zero as t goes to infinity. However, no rate of decay has been specified. In [5], Cavalcanti et al.
considered

t
Uy — Au+ / g(t —s)Au(x,s)ds + aX)u,+ |uf 'u=0, in Q x (0,00),
Jo

where a : Q — R* is a function which may vanish on a part of the domain Q but satisfies a(x) > ao on @ C Q and g satisfies,
for two positive constants &; and &,,

—&g(t) < g'(t) < —&gt), t=0

and established an exponential decay result under some restrictions on . Berrimi and Messaoudi [4] discussed
t
Uy — Au +/ gt —s)Au(s)ds =|ul'u, x€Q, t=0
0

and established the result of [5], under weaker conditions on the relaxation function. Fabrizio and Polidoro [9] studied the
following system

Uy — Au+ [y g(t — T)Au(t)dt +u, = 0, in Qx (0,00),
u=0, on 9Q x (0,00)
and showed that the exponential decay of the relaxation function is a necessary condition for the exponential decay of the

solution energy.
For viscoelastic systems, Andrade and Mognon [2] treated the following problem

{ — Au+ [y g(t —s)Au(s)ds + f1(u, ) =0, in[0,T] x Q, 13)

Az/+f0 (t—s)Av(s)ds+f,(u,v) =0, in [0,T] x Q
with
fiwv)=[uP?ulof and fy(u,v)=| vf v |up,

where p>1if n=1,2 and 1 <p <=} if n > 3. They proved the well posedness for the problem under the following
assumptions on the relaxation functions:

1- [, g(s)ds>0, 1— [h(s)ds>0,

{g’ﬂ h" € L'(0,00)
and for some positive constants o and B

—og(t) < g'(t) < —pg(t)
and

—ah(t) <H'(t) < —ph(0).
In [21], Santos considered (1.3) with

fiw,v)=a(u—-v) and f,(u,v)=—-a(u-v),
where a is a positive constant and the relaxation functions satisfy

{ —a,8°(t) < g'(t) < —a:gP(t),

0<g'(t) <v8h(t)

and

K (t) < —a;hP(b),

—a, hp(t)
P ()

<
0<h'(t) <

for some 1 < p < 2. He proved an exponential decay result for the kernels decaying exponentially, and a polynomial decay
result for the kernels decaying polynomially.
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