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1. Introduction

A function fis said to be completely monotonic on an interval I if it has derivatives of all orders on I and satisfies the fol-
lowing inequality:

(-D)"f"x) >0 (xel; neNg:=NU{0}, N:={1,2,3,...}). (1.1)

Dubourdieu [6, p. 98] pointed out that, if a non-constant function fis completely monotonic on I = (a, co), then strict inequal-
ity holds true in (1.1). See also [7] for a simpler proof of this result. It is known (Bernstein’s Theorem) that f is completely
monotonic on (0, o) if and only if

foo = [ " edu(n),

where p is a nonnegative measure on [0, co) such that the integral converges for all x > 0 (see [14, p. 161]). The main proper-

ties of completely monotonic functions are given in [[14], Chapter IV]. We also refer to [2], where an extensive list of refer-

ences on completely monotonic functions can be found.

The problem of finding new and sharp inequalities for the gamma function I" and, in particular, for the Wallis ratio
@n-1" 1 I'(n+3}) (12)
e yaT(n+1) ’
has attracted the attention of many researchers (see [3,4,8-10,12] and references therein). Here, we employ the special dou-
ble factorial notation as follows:

2 =2-4.6---(2n) = 2"n,

@n-11=1-3.5...2n-1) :n*‘/ZZ”l"(nJr%),

=1, (-1i=1
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(see [1, p. 258]). For example, Chen and Qi [4] proved that for n € N,

1 _(@n-1y 1

(2n)! < 7T(H+‘ll)7

< (1.3)
n(n+4-1)

where the constants 2 — 1 and J are the best possible. This inequality is a consequence on (0, co) of the complete monotonic-
ity of the function

C(x+1)

V) = —— 2 (1.4)
\VX+HID(x -+
(see [5]).
It is well known (see [1, p. 255]) that
1\ 1-4.7-10...3n-2) /1
F<n+§> - > r<§>
and
2\ 2-5-8-11...3n-1) /2
F<n+§> - = r@.
Motivated by the inequality (1.3), Mortici et al. [13] considered the following products for every integer n € N:
L3k-2 1-4-7...3n-2) I'(n+3) (1.5)
1 3k 3.6:9...3n)  I'(n+1HI'() ’
and
n _ .5.8... _ r 2
H3k 1 2.5-8...3n-1) (n+3) (1.6)

U3k 77376930 T+l

Mortici et al. [[13], Theorems 1 and 2] proved that the functions

3
1 2 1
_ (ﬁ \/§F(§)) _ @
fx)=In-——%5 and gx)=ln—————
1 2
x2< Ty ) x(ﬂ)
T )IE) T3

are completely monotone on (0, ). As a result, the following inequalities:
o 1-4.7...3n-2) B
w55 73.6.9...6n) nd (1.7)
and
i<2-5-8...(3n72) <L
nt3> 3.6-9...(3n) n'/3

are established, where the constants

(18)

1 V3_./2
oc:§, ﬁ:ﬁr<§>:0.37328...
and
2 1
==, T=— =073848...
3 r@

are the best possible.
Mortici et al. [13, Theorems 3 and 4] presented further improvements of the inequalities (1.7) and (1.8) as follows:

_1:4:7..31-2)
pn 369...(3',1) qn'/

where

(1.9)

2 2 2
_ 2n _ — 2n 3 _
=+ 1n)” eXp{ 81n2} and gy (M +1n)"” exl’{ 81n2+243n3}
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