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a b s t r a c t

The aim of this paper is to demonstrate that several non–rigorous methods of mathemat-
ical reasoning in the field of divergent series, mostly related to the Euler and Hutton trans-
forms, may be developed in a correct and consistent way by methods of the grossone
analysis.
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1. Introduction

We begin with the following sequence of symbolic transformations with the shift operator, related to summability of
divergent series.

Shift operator. An arbitrary series

A ¼ a0 þ a1 þ a2 þ a3 þ � � � ð1Þ

can be rewritten as

A ¼ a0 þ sa0 þ s2a0 þ s3a0 þ � � � ¼ ð1þ sþ s2 þ s3 þ � � �Þa0; ð2Þ

where s is the shift operator, an operator of yet indefinite mathematical nature, but acting so that sak ¼ akþ1, — and then as

A ¼ 1
1� s

a0; ð3Þ

summing up 1þ sþ s2 þ s3 þ � � � according to the informal equality

1þ sþ s2 þ s3 þ � � � ¼ 1
1� s

: ð4Þ

Hutton transform. Now, let d – � 1 and r½d� ¼ dþ s. Formally,

1
1�s ¼ 1�sþdþs

ð1þdÞð1�sÞ ¼ 1
1þdþ 1

1�s
r½d�
1þd ¼

¼ 1
1þdþ ð1þ sþ s2 þ � � �Þ r½d�

1þd ¼
¼ 1

1þdþ dþs
1þdþ dsþs2

1þd þ ds2þs3

1þd þ � � �

9>>=
>>; ð5Þ
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and we get the Hutton transform ðH; dÞ (Hardy [1] for d ¼ 1) of the original series,

A ¼ a0

1þ d
þ da0 þ a1

1þ d
þ da1 þ a2

1þ d
þ da2 þ a3

1þ d
þ � � � : ð6Þ

Iterated Hutton, or Euler–Jakimovski transform. Let fdng1n¼1 be an infinite sequence of real numbers dn – � 1. Applying
transformations ðH; d1Þ; ðH; d2Þ; ðH; d3Þ; . . . – as in (5) and (6) – consecutively, so that the first term of every intermediate
series is separated after each iteration, we obtain the series of separated (frameboxed) terms as the final result:

1
1�s ¼ 1

1þd1
þ d1þs

1þd1

1
1�s

� �
¼

¼ 1
1þd1
þ d1þs

1þd1

1
1þd2
þ d2þs

1þd2

1
1�s

� �
¼

¼ 1
1þd1
þ d1þs
ð1þd1Þð1þd2Þ

þ ðd1þsÞðd2þsÞ
ð1þd1Þð1þd2Þ

1
1�s

� �
¼

¼ 1
1þd1
þ d1þs
ð1þd1Þð1þd2Þ

þ ðd1þsÞðd2þsÞ
ð1þd1Þð1þd2Þð1þd3Þ

þ

þ ðd1þsÞðd2þsÞðd3þsÞ
ð1þd1Þð1þd2Þð1þd3Þ

1
1�s

� �
¼

. . . . . . . . .

¼
X1
k¼0

ðd1þsÞðd2þsÞ...ðdkþsÞ
ð1þd1Þð1þd2Þ...ð1þdkÞð1þdkþ1Þ

:

9>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>;

ð7Þ

Remark 1. The final series is a formal Newton’s interpolation of the function 1
1�s with the nodes �d1;�d2;�d3; . . ..

We conclude that, in the spirit of (3),

A ¼ 1
1� s

a0 ¼
X1
k¼0

ðd1 þ sÞðd2 þ sÞ . . . ðdk þ sÞ
ð1þ d1Þð1þ d2Þ . . . ð1þ dkÞð1þ dkþ1Þ

a0; ð8Þ

where each polynomial PkðsÞ ¼ ðd1 þ sÞðd2 þ sÞ . . . ðdk þ sÞ formally acts on a0 in accordance with the basic equalities
sn a0 ¼ an.

Remark 2. Transformation (7) and (8) was explicitly introduced by Jakimovski [2] (as ½F; dn�) based on a series of earlier
studies. Yet most notably, the whole idea of iterated transformation with separation of first terms of intermediate series
belongs to Leonhard Euler, Institutiones Calculi Differentialis, Part II, Section 10 – see a discussion in Hardy [1, Section 2.6].
This is why we call it the Euler–Jakimovski transformation here. The summability method based on the Euler–Jakimovski
transformation works, pending appropriate choice of dn, for rapidly divergent oscillating series like 0!� 1!þ 2!� 3!þ � � �. See
[3] for further references. h

2. Regression: some linear transformations

The transformations considered above can be represented by the following infinite matrices:

HðdÞ ¼ 1
1þ d

1 0 0 0 . . .

d 1 0 0 . . .

0 d 1 0 . . .

0 0 d 1 . . .

. . . . . . . . . . . . . . .

0
BBBBBB@

1
CCCCCCA
; SðdÞ ¼

d 1 0 0 . . .

0 d 1 0 . . .

0 0 d 1 . . .

0 0 0 d . . .

. . . . . . . . . . . . . . .

0
BBBBBB@

1
CCCCCCA
;

Eðfdng1n¼1Þ ¼

1
D0

0 0 0 0 . . .

d1
D1

1
D1

0 0 0 . . .

d1d2
D2

d1þd2
D2

1
D2

0 0 . . .

d1d2d3
D3

d1d2þd1d3þd2d3
D3

d1þd2þd3
D3

1
D3

0 . . .

. . . . . . . . . . . . . . . . . .

0
BBBBBBBB@

1
CCCCCCCCA
;

where Dk ¼ ð1þ d1Þð1þ d2Þ . . . ð1þ dkþ1Þ – so that

½E�k ¼
1

1þ dkþ1

Sðd1Þ
1þ d1

� Sðd2Þ
1þ d2

� . . . � SðdkÞ
1þ dk

� �
0
; k ¼ 0;1;2; . . . ; ð9Þ

where ½M�k; k ¼ 0;1;2; . . ., is the kth row of any matrix M.
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