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a b s t r a c t

This paper is concerned with stability and asymptotical stability of a class of impulsive
delay differential equations (IDDEs). Stability and asymptotical stability of the system of
IDDEs are studied by the properties of delay differential equations (DDEs) without impul-
sive perturbations. Base on this idea, numerical methods of IDDEs are constructed. Stability
and asymptotical stability of numerical methods of IDDEs are also studied by the proper-
ties of numerical methods of DDEs.

� 2015 Elsevier Inc. All rights reserved.

1. Introduction

In this paper, we consider the impulsive delay differential equation (IDDE):

x0ðtÞ ¼ f ðt; xðtÞ; xðt � sÞÞ; t P 0; t – ks; k ¼ 0;1;2; . . . ;

DxðtÞ ¼ rxðt�Þ; t ¼ ks; k ¼ 0;1;2; . . . ;

xðtÞ ¼ UðtÞ; t 2 ½�s;0Þ;

8><
>: ð1:1Þ

and the same equation with another initial function:

~x0ðtÞ ¼ f ðt; ~xðtÞ; ~xðt � sÞÞ; t P 0; t – ks; k ¼ 0;1;2; . . . ;

D~xðtÞ ¼ r~xðt�Þ; t ¼ ks; k ¼ 0;1;2; . . . ;

~xðtÞ ¼ ~UðtÞ; t 2 ½�s;0Þ;

8><
>: ð1:2Þ

where r – � 1; s > 0;U and ~U are continuous functions on ½�s;0Þ; limt!0�UðtÞ and limt!0�
~UðtÞ exist, x0ðtÞ denotes the right-

hand derivative of xðtÞ and DxðtÞ ¼ xðtÞ � xðt�Þ. Let h�; �i be a given inner product on Cd and k � k the corresponding norm.
Assume that the function f : ½t0;1Þ� Cd � Cd ! Cd is continuous in t and uniformly Lipschitz continuous with respect to
the second and third variable in the following sense: there exist two continuous function rðtÞ and cðtÞ such that

rðtÞP sup
z;y1 ;y2 ;y1–y2

Rðhf ðt; y1; zÞ � f ðt; y2; zÞ; y1 � y2iÞ
ky1 � y2k

2 ; ð1:3Þ
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cðtÞP sup
y;z1 ;z2 ;z1–z2

kf ðt; y; z1Þ � f ðt; y; z2Þk
kz1 � z2k

: ð1:4Þ

Definition 1.1. The system (1.1) is said to be stable, if for any other initial function ~UðtÞ, there is a positive constant C such
that the difference xðtÞ � ~xðtÞ fulfills

kxðtÞ � ~xðtÞk 6 C � sup
t2½�s;0Þ

kUðtÞ � ~UðtÞk; t P 0:

Definition 1.2. The system (1.1) is said to be asymptotically stable, if for any other initial function ~UðtÞ, the difference
xðtÞ � ~xðtÞ fulfills

lim
t!1
kxðtÞ � ~xðtÞk ¼ 0:

In recent years, stability and asymptotical stability of IDDEs have been widely studied by Lyapunov method or Razumik-
hin method, for example [2,4–8,11] etc. In this paper, stability and asymptotical stability of (1.1) are studied by the proper-
ties of DDEs without impulsive perturbations.

There are lots of papers about the exact solutions of IDDEs. But there are a few papers about the numerical solutions of
linear IDDEs. In paper [3], Ding etc studied the convergence property of an Euler method for IDDEs. In paper [12], exponential
stability of explicit Euler method for a class of linear IDDEs was studied. In paper [13], new methods for a class linear IDDEs
were constructed. The convergence and asymptotic stability of the methods for the linear IDDEs were studied. But to the best
of our knowledge, up to now, there are few articles referring to stability of numerical methods for nonlinear impulsive dif-
ferential delay equations. In this paper, some new different conditions for asymptotical stability of system (1.1) are obtained,
moreover, asymptotical stability of numerical methods for system (1.1) is studied under these conditions.

The results of this paper can be considered as an extension to the results of the paper [13] about asymptotic stability of
linear IDDEs and also can be considered as an extension to the results of Tian and Kuang [9] and Zennaro [14] about asymp-
totic stability of DDEs as the delay is a constant.

The rest of this paper is organized as follows. In Section 2, we introduce some results about DDEs. In Section 3, stability
and asymptotic stability of the system (1.1) are studied by the properties of DDEs without impulsive perturbations. In Sec-
tion 4, some sufficient conditions for stability and asymptotic stability of (1.1) are provided respectively. In the last section,
we study stability and asymptotic stability of numerical methods for (1.1).

2. Preliminaries

In this section, we introduce some results about DDEs of the form

y0ðtÞ ¼ gðt; yðtÞ; yðt � sÞÞ; t P t0;

yðtÞ ¼ wðtÞ; t 2 ½t0 � s; t0�;

�
ð2:1Þ

where s is a constant delay and the initial function wðtÞ is continuous on ½t0 � s; t0�. Now consider the same equation with
another initial function:

~y0ðtÞ ¼ gðt; ~yðtÞ; ~yðt � sÞÞ; t P t0;

~yðtÞ ¼ ~wðtÞ; t 2 ½t0 � s; t0�:

�
ð2:2Þ

Definition 2.1 (See [10]). The system (2.1) is said to be contractive or dissipative, if for any other initial function ~wðtÞ, the
difference yðtÞ � ~yðtÞ fulfills

kyðtÞ � ~yðtÞk 6 max
t2½�s;0�

kwðtÞ � ~wðtÞk; t P 0:

Definition 2.2 (See [1,14]). The system (2.1) is said to be asymptotically stable, if for any other initial function ~wðtÞ, the dif-
ference yðtÞ � ~yðtÞ fulfills

lim
t!1
kyðtÞ � ~yðtÞk ¼ 0:

Assume that the function g : ½t0;1Þ � Cd � Cd ! Cd is continuous in t and uniformly Lipschitz continuous with respect to
the second and third variable in the following sense: there exist two continuous function kðtÞ and lðtÞ such that

kðtÞP sup
z;y1 ;y2 ;y1–y2

Rðhgðt; y1; zÞ � gðt; y2; zÞ; y1 � y2iÞ
ky1 � y2k

2 ; ð2:3Þ
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