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a b s t r a c t

Consider the first-order retarded difference equation

DxðnÞ þ pðnÞx sðnÞð Þ ¼ 0; n 2 N0

where ðpðnÞÞnP0 is a sequence of nonnegative real numbers, and ðsðnÞÞnP0 is a sequence of
integers such that sðnÞ 6 n� 1, n P 0; and limn!1 sðnÞ ¼ 1. Under the assumption that the
retarded argument is non-monotone, a new oscillation criterion, involving lim inf, is estab-
lished. An example illustrates the case when the result of the paper implies oscillation
while previously known results fail.

� 2015 Elsevier Inc. All rights reserved.

1. Introduction

Consider the retarded difference equation

DxðnÞ þ pðnÞx sðnÞð Þ ¼ 0; n 2 N0; ðEÞ

where ðpðnÞÞn2N0
is a sequence of nonnegative real numbers, and ðsðnÞÞn2N0

is a sequence of integers such that

sðnÞ 6 n� 1 for n P 0 and lim
n!1

sðnÞ ¼ 1: ð1:1Þ

Here, D denotes the forward difference operator DxðnÞ ¼ xðnþ 1Þ � xðnÞ.
Define

k ¼ �min
nP0

sðnÞ:

(Clearly, k is a positive integer.)
By a solution of the difference equation (E), we mean a sequence of real numbers ðxðnÞÞnP�k which satisfies (E) for all

n P 0. It is clear that, for each choice of real numbers c�k; c�kþ1; . . . ; c�1; c0, there exists a unique solution ðxðnÞÞnP�k of (E)
which satisfies the initial conditions xð�kÞ ¼ c�k; xð�kþ 1Þ ¼ c�kþ1; . . . ; xð�1Þ ¼ c�1; xð0Þ ¼ c0.

A solution ðxðnÞÞnP�k of the difference equation (E) is called oscillatory, if the terms xðnÞ of the sequence are neither even-
tually positive nor eventually negative. Otherwise, the solution is said to be nonoscillatory.
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The problem of establishing sufficient conditions for the oscillation of all solutions of (E) have been the subject of many
investigation. See [1–16] and the references cited therein. Most of these papers are concerning the special case of the retard-
ed difference equation (E) with monotone argument, while a small number are dealing with the general case of the retarded
difference equation (E), in which the retarded argument ðsðnÞÞnP0 is non-monotone.

In 1998, Zhang and Tian [16], studied the equation (E) and proved that, if

lim sup
n!1

pðnÞ > 0 and lim inf
n!1

Xn�1

j¼sðnÞ
pðjÞ > 1

e
ð1:2Þ

then all solutions of (E) oscillate.
In 2006, Chatzarakis, Koplatadze and Stavroulakis [2,3], studied the equation (E) and proved that, if one of the following

conditions

lim sup
n!1

Xn

j¼hðnÞ
pðjÞ > 1; where hðnÞ ¼ max

06s6n
sðsÞ; n P 0; ð1:3Þ

or

lim sup
n!1

Xn�1

j¼sðnÞ
pðjÞ <1 and lim inf

n!1

Xn�1

j¼sðnÞ
pðjÞ > 1

e
ð1:4Þ

is satisfied, then all solutions of (E) oscillate.
Assume that the argument ðsðnÞÞnP0 is non-monotone. Set

hðnÞ :¼max
s6n

sðsÞ; n P 0: ð1:5Þ

Clearly, h is nondecreasing, and sðnÞ 6 hðnÞ 6 n� 1 for all n P 0.
In 2011, Braverman and Karpuz [1], proved that, if

lim sup
n!1

Xn

j¼hðnÞ
pðjÞ

YhðnÞ�1

i¼sðjÞ

1
1� pðiÞ > 1; ð1:6Þ

then all solutions of (E) oscillate.
The consideration of non-monotone arguments other than the pure mathematical interest, it approximates the natural

phenomena described by equation of the type (E). That is because there are always natural disturbances (e.g. noise in com-
munication systems) that affect all the parameters of the equation and therefore the fair (from a mathematical point of view)
monotone argument becomes non-monotone almost always. In view of this, an interesting question arising in case where
the argument ðsðnÞÞnP0 is non-monotone, is whether we can state an oscillation criterion involving lim inf.

In the present paper a positive answer to the above question is given.

2. Main result

Theorem 2.1. Assume that (1.1) holds, and

lim inf
n!1

Xn�1

j¼hðnÞ
pðjÞ

YhðnÞ�1

i¼sðjÞ

1
1� pðiÞ >

1
e
; ð2:1Þ

where hðnÞ is defined by (1.5). Then all solutions of (E) oscillate.

Proof. Assume, for the sake of contradiction, that there exists a nonoscillatory solution ðxðnÞÞnP�k of (E). Since �ðxðnÞÞnP�k is
also a solution of (E), we can confine our discussion only to the case where the solution ðxðnÞÞnP�k is eventually positive. Then
there exists n1 > �k such that xðnÞ; x sðnÞð Þ; x hðnÞð Þ > 0; for all n P n1. Thus, from (E) we have

DxðnÞ ¼ �pðnÞx sðnÞð Þ 6 0; for all n P n1;

which means that x is an eventually nonincreasing sequence of positive numbers.
Set

bðnÞ ¼ n� hðnÞ
n� hðnÞ þ 1

� �n�hðnÞþ1

; n P 1: ð2:2Þ

Clearly
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