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a b s t r a c t

For the delay differential equation

€xðtÞ þ aðtÞxðhðtÞÞ � bðtÞxðgðtÞÞ ¼ 0; gðtÞ 6 t; hðtÞ 6 t;

without damping term, explicit exponential stability conditions are obtained.
� 2015 Elsevier Inc. All rights reserved.

1. Introduction

It is well-known, that introducing delays in the first order ordinary differential equation (ODE) _xðtÞ þ axðtÞ ¼ 0 may
destroy asymptotic stability but not vice versa. For example, although this equation is asymptotically stable for all a > 0,
the equation _xðtÞ þ axðt � hÞ ¼ 0 is asymptotically stable iff 0 < ah < p=2. Some other specific properties of linear delay
differential equations of the first order one can find in [8,9]. For second order differential equations we have a similar situa-
tion. The general solution of the ODE x00ðtÞ þ axðtÞ ¼ 0 (a > 0Þ is xðtÞ ¼ c1 sin
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t þ c2 cos
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t, so it is bounded. Myshkis [14]
proved that for all pairs of positive constants a and s, there exists unbounded solution to the delay equation
x00ðtÞ þ axðt � sÞ ¼ 0. Assertions on unboundedness of solutions for linear delay equation with variable and bounded
coefficients and delays x00ðtÞ þ

Pm
i¼1aiðtÞxðt � siðtÞÞ ¼ 0, which extend this result by Myshkis, were obtained in [10]. In the

case of a nondecreasing positive and bounded coefficient aðtÞ, the inequality
R1sðtÞdt <1 is necessary and sufficient for

boundedness of all solutions to the equation x00ðtÞ þ aðtÞxðt � sðtÞÞ ¼ 0 on the semiaxis [10]. Results on the exponential
stability of second order delay differential equations without damping term were considered many years as impossible.

In [7] the authors considered the equation

€xðtÞ ¼ q1xðtÞ þ q2xðt � sÞ; ð1:1Þ

where q1 < 0; q2 > 0; s > 0 and obtained the following result.

Theorem 1 [7]. Denote B ¼ s2q1;D ¼ s2q2. Eq. (1.1) is asymptotically stable iff there exists k 2 N such that
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Note that the ODE €xðtÞ ¼ ðq1 þ q2ÞxðtÞ is not asymptotically stable. In the recent paper [12] the first explicit conditions of
nonoscillation and exponential stability were obtained for the delay equation with variable coefficients and delays

€xðtÞ þ aðtÞxðhðtÞÞ � bðtÞxðgðtÞÞ ¼ 0; aðtÞP 0; bðtÞP 0; ð1:2Þ

and without the condition hðtÞ � t for t 2 ½0;1Þ. Note that in [12] results on the exponential stability of the equation

€xðtÞ þ
Xn

j¼1

bjðtÞxjðt � sjðtÞÞ ¼ 0; t 2 ½0;þ1Þ;

were also obtained. Results on the exponential stability for delay equation with damping term can be found, for example, in
the works [4–6,11,13].

In this paper we will obtain exponential stability conditions for nonautonomous delay differential Eq. (1.2) of the second
order with positive and negative coefficients and for some generalizations of this equation.

Note that delay differential equations of the second order have numerous applications in many sciences (see, for example,
the monograph [13]). Results of this paper can be applied for stabilization of unstable equation €xðtÞ þ aðtÞxðhðtÞÞ ¼ 0 by the
help of the control delay term bðtÞxðgðtÞÞ.

2. Main results

Consider first a general scalar second order delay differential equation

€xðtÞ þ
Xm

k¼1

AkðtÞ _xðGkðtÞÞ þ
Xl

k¼1

BkðtÞxðHkðtÞÞ ¼ f ðtÞ; ð2:1Þ

under the following conditions:

(a1) Ak;Bk; f are Lebesgue measurable and essentially bounded functions on ½0;1Þ.
(a2) Hk;Gk : ½0;1Þ ! R are Lebesgue measurable functions, HkðtÞ 6 t;GkðtÞ 6 t; t P 0.

Together with (2.1) consider for each t0 P 0 an initial value problem

xðtÞ ¼ uðtÞ; _xðtÞ ¼ hðtÞ; t < t0; xðt0Þ ¼ x0; _xðt0Þ ¼ x00: ð2:2Þ

We also assume that the following hypothesis holds

(a3) u; h : ð�1; t0Þ ! R, are Borel measurable bounded functions.

We will assume that conditions (a1)–(a3) hold for any equation considered in this paper.

Definition 1. A function x : R! R is called a solution of problem (2.1) and (2.2) if _x is locally absolutely continuous on
t 2 ½t0;1Þ; x satisfies Eq. (2.1) for almost every t 2 ½t0;1Þ and equalities (2.2) for t 6 t0.

Definition 2. Eq. (2.1) is uniformly exponentially stable, if there exist M > 0;l > 0, such that the solution of problem (1.2)
and (2.2) with f � 0 satisfies the estimate

max j _xðtÞj; jxðtÞjf g 6 Me�lðt�t0Þ jx0j þ jx00j þ sup
s<t0

juðsÞj þ sup
s<t0

jhðsÞj
" #

; t P t0;

where M and l do not depend on t0.
One of the main tools in the study of the exponential stability is the following Bohl–Perron theorem.
Let us introduce some functional spaces on a semi-axis. Denote by L1½t0;1Þ the space of scalar functions which are essen-

tially bounded on ½t0;1Þ and by C½t0;1Þ the space of scalar functions which are bounded and continuous on ½t0;1Þ with the
supremum norm.

Lemma 1 [1]. Suppose there exists t0 P 0 such that for every f 2 L1½t0;1Þ both the solution x of the problem (2.1) with initial
condition

xðtÞ ¼ 0; _xðtÞ ¼ 0; t 6 t0; ð2:3Þ

and its derivative _x belong to C½t0;1Þ. Then Eq. (2.1) is uniformly exponentially stable.
If Eq. (2.1) is uniformly exponentially stable then for every f 2 L1½t0;1Þ both the solution x of the problem (2.1) with initial

condition (2.3) and its derivative _x belong to C½t0;1Þ.
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