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Retarded argument ing difference equations of both retarded and advanced type are studied. Examples
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1. Introduction
In the present paper, we study the oscillatory behavior of the solutions of the retarded difference equation
m
Ax(n) + Y pi(mx(ti(n)) =0, ne N, (Er)
i-1
where N>m > 2, p;, 1 <i<m, are sequences of real numbers and {‘ci(n)}nEND,l < i< m, are sequences of integers such

that

Ti(n) <n—1, ne Ny, andllimri(n):oo, 1<is<m (1.1)

and the (dual) advanced difference equation
m
Vx(n) = pi(n)x(ci(n)) =0, neN, (Ea)
i1

where N> m > 2, p;, 1<i<m, are sequences of real numbers and {(n)},.,, 1 <i<m, are sequences of integers such
that

oin)=2n+1, neN, 1<i<m. (1.2)
Here, Ng ={0,1,2,...} and N = {1,2,...}. Also, as usual, A denotes the forward difference operator Ax(n) = x(n+ 1) — x(n)
and V denotes the backward difference operator Vx(n) = x(n) — x(n — 1).
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By a solution of (Eg), we mean a sequence of real numbers {x(n)},. _,, which satisfies (Eg) for all n € No. Here,
w = —mint;(n) € No.
nel 0
1<i<m
It is clear that, for each choice of real numbers ¢_y, C_w+1, ..., C_1, Co, there exists a unique solution {x(n)},. _,, of (Er) which

satisfies the initial conditions x(—w) = c_,,, x(—Ww + 1) = C_y11,...,X(—=1) = c_1,x(0) = Co.

By a solution of the advanced difference equation (E»), we mean a sequence of real numbers {x(1)},,.,, wWhich satisfies (Ea)
forall n e N.

A solution {x(n)},._, [{x(n)}ngNo] of (Er) [(Ea)] is called oscillatory (around zero), if for any positive integer

ny > —w [no > 0] there exist ny,n, > ng such that x(n;)x(n;) < 0. Otherwise, the solution is said to be nonoscillatory.

In the last few decades, the oscillatory behavior of all solutions of difference equations has been extensively studied when
the coefficients p;(n) are nonnegative. However, for the general case when p;(n) are allowed to oscillate, it is difficult to study
the oscillation of (Eg) [(Ea)], since the difference Ax(n)[Vx(n)] of any nonoscillatory solution of (Eg) [(EA)] is in general oscil-
latory. Therefore, the results on oscillation of difference and differential equations with oscillating coefficients are relatively
scarce. Thus, a small number of paper are dealing with this case. See, for example, [1-16] and the references cited therein.

In 1992, Qian et al. [12], in 2000, Yu and Tang [16] and in 2001, Tang and Cheng [13] derived oscillation conditions for a
special case of equation (Eg) the following equation with one oscillating coefficient and constant delay of the form

Xni1 —Xn +DPpXnk =0, 1€ N,
while in 1996 Yan and Yan [15] studied the difference equation with several oscillating coefficients of the form
Xnin fxn+Zp Yn-km =0, 1€ No,
i=1

under some additional conditions on the oscillating coefficients.
For equations (Er) and (E,) with several oscillating coefficients, very recently, Bohner et al. [2,3] and Berezansky et al. [1]
established the following theorems.

Theorem 1.1 (See [2, Theorem 2.4]). Assume (1.1) and that the sequences t; are increasing for all i € {1,...,m}. Suppose also
that for each i € {1,...,m} there exists a sequence {n;(j)};cy such that lim;_.n;(j) = oo and
pe(n) =0 forallne ﬁ{U[T(f(niU))),niU)} N N} =0, 1<k<m, (1.3)
where e
T(n) = 11'22)”(1 Ti(n), n e Ng. (1.4)

If, moreover

lim supXm: Z ni(q (1.5)

J—oo i=1 g=1(n(j))

where n(j) = min {n;(j) : 1 < i< m}, then all solutions of (Eg) oscillate.

Theorem 1.2 (See [2, Theorem 3.4]). Assume (1.2) and that the sequences o; are increasing for all i € {1,...,m}. Suppose also
that for each i € {1,...,m} there exists a sequence {n;(j)};., such that lim;_...n;(j) = oo and
p(n) =0 forallne ﬁ{U[ni(]’), o(o(ni())) N N} #0, 1<k<m, (1.6)
i=1 jeN
where J
o(n) = 1[111131 oi(n), neN. (1.7)

If, moreover

m o(n(j))

lim supd ~ > " pi(q) > 1, (1.8)

J=oo T g=n(j)

where n(j) = max {n;(j) : 1 < i < m}, then all solutions of (E») oscillate.

Theorem 1.3 (See [3, Theorem 2.1]). Assume (1.1) and that the sequences t; are increasing for all i € {1,...,m}. Suppose also
that for each i € {1,...,m} there exists a sequence {ni(j)};. such that lim;_.n;(j) = oo,
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