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a b s t r a c t

Using the biorthogonal B-spline wavelets, we investigate the convergence property of
wavelets expansion in the related vector-valued Besov spaces. Especially, divergence-free
and non divergence-free wavelets are added and discussed. As a by-product, characteriza-
tion of relevant Besov spaces is given as well. It is noted that the key point for character-
ization is to prove the convergence of projection operators in relevant Besov spaces.
Besides, we can get convergence and characterization at the same time.

� 2014 Elsevier Inc. All rights reserved.

1. Introduction

Wavelets are widely used in signal and image processing as well as numerical simulation. Divergence-free wavelets [13]
are especially used to represent the incompressible flows. Besov spaces contain a large number of fundamental spaces, such
as Sobolev spaces, Hölder spaces, Lipschitz spaces and etc [6,7]. And they are frequently used in certain PDEs as the solution
spaces. It is known that characterizing functional spaces, especially by using wavelet bases, is important in both theory and
applications. Bittner and Urban [1] study the following standard Besov spaces and the related vector Besov spaces.

Let 0 < p; q 61; s > 0 and bsc stands for the largest integer less than or equals to s,

Bs
p;qðRnÞ :¼ ff 2 LpðRnÞ : jf jBs

p;qðRnÞ <1g:

Here, jf jBs
p;qðRnÞ :¼ kð2jsxM

p ðf ;2
�jÞÞ

j2Zk‘q
with M P bsc þ 1 and xM

p ðf ;2
�jÞ denotes the Mth order smooth modulus of a function f,

defined by supjhj62�jkDM
h f ð�ÞkLpðRnÞ as usual. The classical difference operator Dh is defined by Dhf ð�Þ :¼ f ð� þ hÞ � f ð�Þ, as well as

DM
h f ¼ DhðDM�1

h f Þ for a positive integer M > 1. The Besov (quasi-) norm is given by kfkBs
p;qðRnÞ :¼ kfkLpðRnÞ þ jf jBs

p;qðRnÞ and two

integers M;M0 > s yield equivalent norms [2, Remark 3.2.2]. Based on quadratic or cubic Hermite multiwavelets, the authors
of [1] characterize Bs

p;q by using sequence norms

kak‘p
:¼ kðaj0 ;kÞk2Znk‘p

; kbk‘s
p;q

:¼ kð2jðsþn
2�

n
pÞkðbj;kÞk2Znk‘p ÞjPj0

k‘q

for a ¼ ðakÞk2Zn 2 ‘p; b ¼ ðbj;kÞjPj0 ; k2Zn 2 ‘s
p;q.

However, due to the regularity restrictions of the Hermite splines, their characterization requires 1
p < s < minf3;1þ 1

pg in

quadratic case and 1þ 1
p < s < min 4;2þ 1

p

n o
in cubic one (e.g. [1,12,14]). In [11], we remove that restriction of s by using the
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B-spline wavelets with weak duals introduced in [9]. Note that [11] only discussed 1-dimensional cases, without discussing
vector cases or even divergence-free ones, and [1] only discussed interpolatory cases without the study of the convergence of
vector-valued wavelets expansion. Hence, we will accomplish it by using the biorthogonal B-spline wavelets in this paper.
So, one of the main result of this paper is to prove the convergence of divergence-free and non divergence-free wavelets
expansion in vector fields.

Let N; Z and R be the set of positive integers, the set of integers and the set of real numbers, respectively. N0 :¼ N
S
f0g.

Through out this paper, we use A K B to abbreviate that A is bounded by a constant multiple of B, A J B is defined as B K A
and A � B means A K B and B K A. Write

hf ; gi ¼
Z

X
f ðtÞgðtÞdt

for f 2 LpðXÞ; g 2 Lp0 ðXÞ with Lebesgue measurable set X # Rn, 1
p þ 1

p0 ¼ 1 and 1 6 p 61. For a Lebesgue measurable function
f, the support of f means the set Suppðf Þ :¼ x 2 R : f ðxÞ– 0f g, which is well-defined up to a set of measure 0.

Define f n;kð�Þ :¼ 2
n
2f ð2n � �kÞ through out this paper except for special explanation. The classical Fourier transform is given

by f̂ ðnÞ :¼
R

Rn f ðxÞe�ixndx for f 2 L1 and a standard extension in other cases. A Multiresolution Analysis (MRA) is defined below,
which is a sequence of approximated spaces allowing the construction of wavelets.

Definition 1.1 (MRA). A Multiresolution Analysis of L2ðRÞ is a sequence of closed subspaces fVjgj2Z verifying:

(i) 8j; Vj # Vjþ1;
T

jV j ¼ f0g and
S

jV j ¼ L2ðRÞ;
(ii) f 2 Vj () f ð2�Þ 2 Vjþ1;

(iii) There exists a function / 2 V0 such that the family f/ðx� kÞgk2Z form a (Riesz) basis of V0.

We consider the classical r-order B-spline scaling function as:
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r functions
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i.e., r convolutions of the characteristic function on the interval [0,1] with
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ikn
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n
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for k ¼ 0 if r is even and k ¼ 1 if r is odd. The dual function ~/r;~r of /r are defined by
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l
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for ~r P 1, r þ ~r ¼ 2N is even, k ¼ 0 if r is even and k ¼ 1 if r is odd. And the

wavelets with their duals are given by

ŵr;~rðnÞ :¼ ein2r;~r ~m0
n
2
þ p

� �
/̂r

n
2

� �
; ~̂wr;~rðnÞ :¼ ein2m0

n
2
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n
2

� �
;

respectively. The above is the classical biorthogonal B-spline wavelets [3].
We are interested in here is to discuss divergence-free wavelets expansion in Besov spaces, so we start with the theory of

divergence-free wavelets (specific forms will be shown in Section 4 and see [13] for more details). The construction of com-
pactly supported biorthogonal divergence-free wavelets in ðL2ðRnÞÞn was originally derived by Lemarié–Rieusset [10], it is
based on two different MRAs of L2ðRÞ related by differentiation and integration.

Theorem 1.1. Let fV1
j g, a 1-dimensional MRA with a derivable scaling function u1 and a wavelet w1, be given. Then, we can build

a MRA fV0
j g with a scaling function u0 and a wavelet w0 verifying

V1
0 ¼ spanfu1ðx� kÞ; k 2 Zg; V0

0 ¼ spanfu0ðx� kÞ; k 2 Zg

and

u01ð�Þ ¼ u0ð�Þ �u0ð� � 1Þ; w01ð�Þ ¼ 4w0ð�Þ:

The relation of refinement polynomials is m0ðnÞ ¼ 2
1þe�in m1ðnÞ. The corresponding duals are ~u1; ~u0; ~w1; ~w0 satisfying

~u00ð�Þ ¼ ~u1ð� þ 1Þ � ~u1ð�Þ; ~w00ð�Þ ¼ �4~w1ð�Þ

with the refinement polynomials is ~m0ðnÞ ¼ 1þein

2
~m1ðnÞ.

Luckily, the B-spline functions defined in (1.1) and (1.2) satisfy Theorem 1.1.
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