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Keywords: Using the biorthogonal B-spline wavelets, we investigate the convergence property of
BéSOV spaces wavelets expansion in the related vector-valued Besov spaces. Especially, divergence-free
Divergence-free and non divergence-free wavelets are added and discussed. As a by-product, characteriza-
Convergence

tion of relevant Besov spaces is given as well. It is noted that the key point for character-
ization is to prove the convergence of projection operators in relevant Besov spaces.
Besides, we can get convergence and characterization at the same time.
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Biorthogonal wavelets

1. Introduction

Wavelets are widely used in signal and image processing as well as numerical simulation. Divergence-free wavelets [13]
are especially used to represent the incompressible flows. Besov spaces contain a large number of fundamental spaces, such
as Sobolev spaces, Holder spaces, Lipschitz spaces and etc [6,7]. And they are frequently used in certain PDEs as the solution
spaces. It is known that characterizing functional spaces, especially by using wavelet bases, is important in both theory and
applications. Bittner and Urban [1] study the following standard Besov spaces and the related vector Besov spaces.

Let 0 < p, g < oo, s> 0 and |s| stands for the largest integer less than or equals to s,

B;,q(Rn) ={f e L(R"): mB;‘q(R") < oo}
Here, {f|BZq(Rn) = H(Zfswg”(f, Z’j))jGZH/q withM > |s] + 1 and oY (f, 27) denotes the Mth order smooth modulus of a function f,
defined by sup;, _, ; |\Ath(~)||Lp(Rn) as usual. The classical difference operator Ay is defined by Ayf(-) := f(- + h) — f(-), as well as
AYf = An(A¥'f) for a positive integer M > 1. The Besov (quasi-) norm is given by Il ey == Il eny + s, n) @nd two

integers M, M’ > s yield equivalent norms [2, Remark 3.2.2]. Based on quadratic or cubic Hermite multiwavelets, the authors
of [1] characterize B;q by using sequence norms

i(s4_n
lally, = 1 @ips)eznllsys 1Bl = 1@ F PN bii)emlly,)

for a = (ax)yem € 4, b= (bj,k)moy ez € bgr
However, due to the regularity restrictions of the Hermite splines, their characterization requires % <s<min{3,1+ ;—J} in

ol
quadratic case and 1 + % <s< min{4, 2+ %} in cubic one (e.g. [1,12,14]). In [11], we remove that restriction of s by using the
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B-spline wavelets with weak duals introduced in [9]. Note that [11] only discussed 1-dimensional cases, without discussing
vector cases or even divergence-free ones, and [ 1] only discussed interpolatory cases without the study of the convergence of
vector-valued wavelets expansion. Hence, we will accomplish it by using the biorthogonal B-spline wavelets in this paper.
So, one of the main result of this paper is to prove the convergence of divergence-free and non divergence-free wavelets
expansion in vector fields.

Let N, Z and R be the set of positive integers, the set of integers and the set of real numbers, respectively. Ny := N [J{0}.
Through out this paper, we use A < B to abbreviate that A is bounded by a constant multiple of B, A > B is defined as B < A
and A ~ B means A < B and B < A. Write

f.g) = /Q f(bgDdt

for f € L,(Q), g € Ly (Q) with Lebesgue measurable set QC R", % +§ =1and 1 < p < oo. For a Lebesgue measurable function
f, the support of f means the set Supp(f) := {x € R: f(x) # 0}, which is well-defined up to a set of measure 0.

Define f, () := 23f(2" - —k) through out this paper except for special explanation. The classical Fourier transform is given
byf(é) = [ f(x)e7¢dx for f € L, and a standard extension in other cases. A Multiresolution Analysis (MRA) is defined below,
which is a sequence of approximated spaces allowing the construction of wavelets.

Definition 1.1 (MRA). A Multiresolution Analysis of L,(R) is a sequence of closed subspaces {Vj}jEZ verifying:
(i) Vj, V; CVjas NV = {0} and J;V; = L>(R);
(ii) f € V) = f(2) € Vju:
(iii) There exists a function ¢ € V, such that the family {¢(x — k)},_, form a (Riesz) basis of V.
We consider the classical r-order B-spline scaling function as:
() = Yoy * Apy * * Loy () (1.1)
r functions
i.e., r convolutions of the characteristic function on the interval [0,1] with
(26 = mo©)d(6) = ¢ % cos3 ) )
for k = 0 if r is even and k = 1 if r is odd. The dual function ¢,; of ¢, are defined by
$rs(®)(8) == 2m) [ [o(27¢) (1.2)
j=1

and ;Mg (&) == e%(cos%)?zﬁo (N 711 + l) (sin§)21 for¥ > 1,r+7=2Niseven, k =0ifrisevenandk = 1 if ris odd. And the

wavelets with their duals are given by

Drr(€) 1= i g <§ N n) b @ Urs(8) 1= efmg <§ n n) s <§)

respectively. The above is the classical biorthogonal B-spline wavelets [3].
We are interested in here is to discuss divergence-free wavelets expansion in Besov spaces, so we start with the theory of
divergence-free wavelets (specific forms will be shown in Section 4 and see [13] for more details). The construction of com-
. . . 2 /a1 .. . s o e s
pactly supported biorthogonal divergence-free wavelets in (L°(R")) was originally derived by Lemarié-Rieusset [10], it is
based on two different MRAs of L?(R) related by differentiation and integration.

Theorem 1.1. Let {V} }, a 1-dimensional MRA with a derivable scaling function ¢, and a wavelet v, be given. Then, we can build
a MRA {V]Q} with a scaling function ¢, and a wavelet v, verifying

Vo = span{p, (x —k),k € Z}, Vg = span{py(x — k), k € 7}
and

@) = @o(t) = Po(- = 1), Y4 () =4[

The relation of refinement polynomials is mg(¢) my (¢). The corresponding duals are @1, (o, W1, Vo satisfying

()= @1(-+1) = @1(), o) = =4 ()
with the refinement polynomials is my(&) = ”;’*: my (&).
Luckily, the B-spline functions defined in (1.1) and (1.2) satisfy Theorem 1.1.
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