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a b s t r a c t

A deformed reduced semi-discrete Kaup–Newell equation and its related integrable family
are derived from discrete zero curvature equation. A Darboux transformation of Lax pair of
this equation is established with the help of gauge transformation. By means of the result-
ing Darboux transformation, three exact solutions are given.

� 2014 Elsevier Inc. All rights reserved.

1. Introduction

Beginning from the original work of Fermi, Past and Ulam in the 1960s [1], the integrable differential–difference equa-
tions (or the lattice soliton equations) have received considerable attention. Many integrable differential–difference equa-
tions have been presented [2–6]. Much investigation on the integrable differential–difference equations has been
obtained [2–23], such as the inverse scattering transformation [2], the symmetries and master symmetries [7–9], Hamilto-
nian structures [10–16], integrable coupling systems [13–16], nonlinearization of the Lax pairs [17,18], constructing com-
plexiton solutions by the Casorati determinant [19], the Darboux transformations [20–22], and so on. For a function
f n ¼ f ðn; tÞ,the shift operator E, the inverse of E and the difference operator D are defined by

Efn ¼ f ðnþ 1; tÞ; E�1f n ¼ f ðn� 1; tÞ; Dfn ¼ f ðnþ 1; tÞ � f ðn; tÞ; n 2 Z: ð1Þ

In Ref. [23], a reduced semi-discrete Kaup–Newell equation

rnt ¼ rn
1þrnsnþ1

� rn�1
1þrn�1sn

;

snt ¼
snþ1

1þrnsnþ1
� sn

1þrn�1sn

(
ð2Þ

is introduced, its r-Matrix and conserved quantities are presented. In Eq. (2), if we use rnþ1 instead of rn, and apply E�1 in the
first equation, Eq. (2) becomes

rnt ¼ rn
1þrnsn

� rn�1
1þrn�1sn�1

;

snt ¼
snþ1

1þrnþ1snþ1
� sn

1þrnsn
:

(
ð3Þ

Therefore, Eq. (3) is a deformed reduced semi-discrete Kaup–Newell equation. In this letter we would like to research Dar-
boux transformation of Lax pair of the deformed reduced semi-discrete Kaup–Newell equation (3). As is well known,Darboux
transformation of Lax pair is an important method to find exact solutions of the integrable differential–difference equations.
Unlike some complicated analytical methods, Darboux transformation is a powerful pure algebraic method. Furthermore, a
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remarkable feature of many integrable differential–difference equations is that they are members of integrable families,
every family makes up of an infinite sequence of integrable differential–difference equations. The members in the same fam-
ily share identical spatial part of Lax pair and can be solved by the same procedure via inverse scattering method. Therefore,
it is important to find out which family the deformed reduced semi-discrete Kaup–Newell equation (3) belongs to. In what
follows, we not only derive the Lax pair of Eq. (3), but also deduce the corresponding integrable family of Eq. (3).

This paper is organized as follows. In Section 2, we introduce a matrix spectral problem

Eun ¼ Unðun; kÞun;Unðun; kÞ ¼
1 rnk

snk k2 þ 1þ rnsnk
2

� �
; ð4Þ

un ¼ ðu1
n;u2

nÞ
T is eigenfunction vector, k is the spectral parameter and kt ¼ 0; ðrn; snÞT is the potential vector, and

rn ¼ rðn; tÞ; sn ¼ sðn; tÞ depend on integer n 2 Z and real t 2 R. Make use of the discrete zero curvature representation, we
are going to derive a family of integrable differential–difference equations. In obtained family, the typical member is the
deformed reduced semi-discrete Kaup–Newell equation (3). In Section 3, a Darboux transformation is constructed by means
of the gauge transformation of Lax pairs for the deformed reduced semi-discrete Kaup–Newell equation (3). In Section 4, as
applications of Darboux transformation, three exact solutions of Eq. (3) are given. Finally, in Section 5, there will be some
conclusions and remarks.

2. The family of integrable differential–difference equations

In this section, we shall derive a family of integrable differential–difference equations associated with eigenvalue prob-
lem (4). To this end, we first solve the following stationary discrete zero curvature equation

ðEvnÞUn � Unvn ¼ vnþ1Un � Unvn ¼ 0: ð5Þ

Upon setting

vn ¼
An Bn

Cn �An

� �
:

We find that Eq. (5)becomes

ðAnþ1 � AnÞ þ ð�rnCn þ snBnþ1Þk ¼ 0;

ð1þ rnsnÞBnþ1k
2 þ rnðAnþ1 þ AnÞk� Bn þ Bnþ1 ¼ 0;

ð1þ rnsnÞCnk
2 þ snðAnþ1 þ AnÞk� Cnþ1 þ Cn ¼ 0;

ð1þ rnsnÞðAn � Anþ1Þk2 þ ðrnCnþ1 � snBnÞkþ ðAn � Anþ1Þ ¼ 0:

ð6Þ

Substituting expansions

An ¼
X1
m¼0

AðmÞn k�2m; Bn ¼
X1
m¼0

BðmÞn k�2mþ1; Cn ¼
X1
m¼0

CðmÞn k�2mþ1

into Eq. (6) and comparing the coefficients of ki; i ¼ 0;1;2; . . ., in Eq. (6), we obtain the initial conditions:

ð1þ rnsnÞðAð0Þnþ1 � Að0Þn Þ ¼ rnCð0Þnþ1 � snBð0Þn ; ð1þ rnsnÞBð0Þnþ1 ¼ 0; ð1þ rnsnÞCð0Þn ¼ 0

and the recursion relations:

ð1þ rnsnÞ Aðmþ1Þ
nþ1 � Aðmþ1Þ

n

� �
¼ �snBðmþ1Þ

n þ rnCðmþ1Þ
nþ1 þ AðmÞn � AðmÞnþ1

� �
m P 0;

ð1þ rnsnÞBðmþ1Þ
nþ1 ¼ �rnðAðmÞn þ AðmÞnþ1Þ þ BðmÞn � BðmÞnþ1; m P 0;

ð1þ rnsnÞCðmþ1Þ
n ¼ �snðAðmÞn þ AðmÞnþ1Þ þ CðmÞnþ1 � CðmÞn ; m P 0:

ð7Þ

Proposition 1. If the initial values are chosen as follows

Að0Þn ¼ �1=2; Bð0Þn ¼ 0;

then AðmÞn ; BðmÞn ; CðmÞn ; m P 0, which are solved by Eq. (7), are all local, and they are just rational functions in the two dependent
variables rn and sn.

Proof. On the basis of second and third equations in Eq. (7), we see that Bðmþ1Þ
n and Cðmþ1Þ

n can be determined locally by

AðmÞn ; BðmÞn and CðmÞn ; m P 0. In order to obtain Aðmþ1Þ
n ; m P 0 from first equation in Eq. (7), we need to use operator

D�1 ¼ ðE� 1Þ�1 to solve the corresponding difference equation. In what follows, we will show that Aðmþ1Þ
n ; m P 0 may be

deduced through an algebraic method rather than by solving the difference equation. From Eq. (5), we know that
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