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a b s t r a c t

Using a matrix linear transformation which preserves oscillatory property, some new oscil-
lation criteria for the following linear matrix Hamiltonian system

U0 ¼ ðAðtÞ � kðtÞIÞU þ BðtÞV ;
V 0 ¼ CðtÞU þ ðlðtÞI � A�ðtÞÞV ; t P t0

are obtained, which improve and generalize some recent results in literature.
� 2014 Elsevier Inc. All rights reserved.

1. Introduction

Hamiltonian matrix differential systems arise in many dynamic problems and have been studied by many authors (e.g.,
see [1–19,30] and the references cited therein). In this paper, we consider oscillatory properties for the linear Hamiltonian
matrix differential system

U0 ¼ ðAðtÞ � kðtÞIÞU þ BðtÞV ;
V 0 ¼ CðtÞU þ ðlðtÞI � A�ðtÞÞV ;

�
ð1:1Þ

where AðtÞ;BðtÞ;CðtÞ are n� n matrices of real continuous matrix-valued functions on the interval
½t0;1Þ; BðtÞ ¼ B�ðtÞ;CðtÞ ¼ C�ðtÞ, here and in the sequel, the transpose of a matrix M is denoted by M� and for any symmetric
matrix M, by M > 0, it means M is positive definite. BðtÞ is either positive definite or negative definite, lðtÞ; kðtÞ are real
valued continuous function on ½t0;1Þ. When kðtÞ ¼ lðtÞ � 0, system (1.1) reduces to the following Hamiltonian system

U0 ¼ AðtÞU þ BðtÞV ;
V 0 ¼ CðtÞU � A�ðtÞV :

�
ð1:2Þ

A solution ðUðtÞ;VðtÞÞ of the system (1.1) (or (1.2)) is said to be nontrivial if det UðtÞ– 0 for at least one t 2 ½t0;1Þ. A non-
trivial solution ðUðtÞ;VðtÞÞ of (1.1) (or (1.2)) is said to be prepared or self-conjugate if U�ðtÞVðtÞ � V�ðtÞUðtÞ � 0; t P t0. System
(1.1) (or (1.2)) is said to be oscillatory on ½t0;1Þ if there is a nontrivial prepared solution ðUðtÞ;VðtÞÞ of (1.1) (or (1.2)) such
that det UðtÞ vanishes at least once on ½T;1Þ for each T P t0. Otherwise, it is said to be nonoscillatory.

When AðtÞ � 0, system (1.2) reduces to the second order self-adjoint matrix differential system

ðPðtÞY 0Þ0 þ QðtÞY ¼ 0; t P t0; ð1:3Þ
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with PðtÞ ¼ B�1ðtÞ;QðtÞ ¼ �CðtÞ. Oscillation and non-oscillation of system (1.3) and its special case

Y 00 þ QðtÞY ¼ 0; t P t0; ð1:4Þ

have been extensively studied by many authors (see [3,4,17,18,21,22,25–29] and references contained therein). Many of
these criteria involve the integral of the coefficients modeled on either the criteria due to Wintner [23] or Kamenev [24]
for the scalar equation. The Hamiltonian system (1.2) has also been investigated by many authors (see [5–20] for details).
Most of these oscillation criteria involve the fundamental matrix UðtÞ for the linear system v 0 ¼ AðtÞv . Such a system cannot
be solved easily when AðtÞ is a continuous function of t. Moreover, by using the following transformation

U

V

 !
¼ U�1ðtÞ 0

0 U�ðtÞ

 !
U

V

� �
; ð1:5Þ

we can transform (1.2) into the following Hamiltonian system

U0 ¼ U�ðtÞBðtÞUðtÞV ;
V 0 ¼ U�1ðtÞCðtÞU��1ðtÞU; t P t0:

(
ð1:6Þ

We can easily rewrite (1.6) in the form (1.3) with PðtÞ ¼ U�1ðtÞB�1ðtÞU��1ðtÞ, QðtÞ ¼ �U�1ðtÞCðtÞU��1ðtÞ. So those criteria are
similar to that of system (1.3). Oscillation criteria without the fundamental matrix UðtÞ of the linear system v 0 ¼ AðtÞv for
system (1.2) are fewer. By using a Kummer transformation, the author in [14] gave Kamenev type oscillation criterion for
system (1.2) without the fundamental matrix UðtÞ as follows:

Theorem 1.1. Suppose that there exist aðtÞ 2 C1ð½t0;1Þ; RþÞ and f ðtÞ ¼ � a0ðtÞ
2aðtÞ such that fB�1 is differentiable. If there exists

H 2 H such that

lim sup
t!1

1
Hðt; t0Þ

k1

Z t

t0

Mðt; sÞds
� �

¼ 1;

where H is defined in Section 2 and

Mðt; sÞ ¼ Hðt; sÞDðsÞ � hðt; sÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Hðt; sÞ

p
KðsÞ � 1

4
h2ðt; sÞB�1ðsÞ;

KðtÞ ¼ 1
2

A�ðBÞ�1 þ ðBÞ�1
A

� �
ðtÞ; DðtÞ ¼ �C � A�ðBÞ�1

A
� �

ðtÞ;

BðtÞ ¼ a�1ðtÞBðtÞ; CðtÞ ¼ aðtÞ C þ f ðA�B�1 þ B�1AÞ � f 2B�1 þ ðfB�1Þ
0n o
ðtÞ:

Then system (1.2) is oscillatory.
Moreover, paper [14] gave the oscillation criterion of Philos type for system (1.2) as follows.

Theorem 1.2. Suppose that there exist aðtÞ 2 C1ð½t0;1Þ; RþÞ, and f ðtÞ ¼ � a0ðtÞ
2aðtÞ such that f B�1 is differentiable. There exists H 2 H

such that

0 < inf
sPt0

lim inf
t!1

Hðt; sÞ
Hðt; t0Þ

� �
61; ð1:7Þ

lim inf
t!1

1
Hðt;t0Þ

R t
t0

Hðt; sÞtrDðsÞ � hðt; sÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Hðt; sÞ

p
trKðsÞ

	 

ds > �1;

lim sup
t!1

1
Hðt;t0Þ

R t
t0

aðsÞh2ðt;sÞ
knðBðsÞÞ ds <1:

Moreover, there exists another function wðtÞ 2 Cð½t0;1Þ; RÞ such that

lim sup
t!1

1
Hðt; TÞ k1

Z t

T
Hðt; sÞDðsÞ � hðt; sÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Hðt; sÞ

p
KðsÞ � 1

4
aðsÞh2ðt; sÞB�1ðsÞ

� �
ds

� �
P wðTÞ

for all T P t0. Then system (1.2) is oscillatory providedZ 1

t0

knðBðsÞÞ
aðsÞ wðsÞ þ knðKðsÞÞ

	 
2

þds ¼ 1;

where DðtÞ and KðtÞ are the same as in Theorem 1.1.
Using positive linear functional onM (whereM is defined in Section 2), Li et al. [5] obtained improved Philos type oscil-

lation criteria for system (1.2).
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