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a b s t r a c t

A high-order family of two-point methods costing two derivatives and two functions are
developed by introducing a two-variable weighting function in the second step of the clas-
sical double-Newton method. Their theoretical and computational properties are fully
investigated along with a main theorem describing the order of convergence and the
asymptotic error constant as well as proper choices of special cases. A variety of concrete
numerical examples and relevant results are extensively treated to verify the underlying
theoretical development. In addition, this paper investigates the dynamics of rational iter-
ative maps associated with the proposed method and an existing method based on illus-
trated description of basins of attraction for various polynomials.
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1. Introduction

A large number of high-order multipoint methods for a given nonlinear equation f ðxÞ ¼ 0 have been developed since
Traub [29] initiated the qualitative as well as the quantitative analyses of iterative methods in the 1960s. Petković et al.
[25] recently collected and updated the state of the art of multipoint methods. Other works on multipoint methods can
be found in [3–5,11,13,14,16,20,24,27]. The principal aim of this paper is to design a family of high-order methods costing
only two derivatives and two functions. Described below in (1.1) is the well-known two-point fourth-order double-Newton
method [15,29], which is a two-step Newton’s method utilizing two derivatives and two functions:

yn ¼ xn � f ðxnÞ
f 0 ðxnÞ

;

xnþ1 ¼ yn � f ðynÞ
f 0 ðynÞ

:

8<
: ð1:1Þ

This method is only fourth-order. One can get fourth order methods requiring less information.
Among higher-order methods requiring only two derivatives and two functions, we find several three-point sixth-order

methods in [5,23,31,20], being respectively shown in (1.2)–(1.5) below.

yn ¼ xn � 2
3

f ðxnÞ
f 0ðxnÞ

;

zn ¼ xn � Jf ðxnÞ � f ðxnÞ
f 0ðxnÞ

; Jf ðxnÞ ¼ 3f 0 ðynÞþf 0ðxnÞ
6f 0ðynÞ�2f 0ðxnÞ

;

xnþ1 ¼ zn � f ðznÞ
aðzn�xnÞðzn�ynÞþ3

2Jf ðxnÞf 0 ðynÞþð1�3
2Jf ðxnÞÞf 0ðxnÞ

; a 2 R;

8>>><
>>>:

ð1:2Þ
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yn ¼ xn � f ðxnÞ
f 0 ðxnÞ

;

zn ¼ xn � 2f ðxnÞ
f 0 ðxnÞþf 0 ðynÞ

;

xnþ1 ¼ zn � f 0 ðxnÞþf 0ðynÞ
3f 0 ðynÞ�f 0ðxnÞ

� f ðznÞ
f 0 ðxnÞ

;

8>>><
>>>:

ð1:3Þ

yn ¼ xn � 2
3

f ðxnÞ
f 0ðxnÞ

;

zn ¼ xn � 9�5s
10�6s

f ðxnÞ
f 0ðynÞ

; s ¼ f 0 ðynÞ
f 0 ðxnÞ

;

xnþ1 ¼ zn � aþbs
cþdsþrs2 � f ðznÞ

f 0ðxnÞ
;

8>>><
>>>:

ð1:4Þ

where a ¼ ð5c þ 3dþ rÞ=2; b ¼ ðr � 3c � dÞ=2; c þ dþ r – 0; a; b; c; d; r 2 R.

yn ¼ xn � f ðxnÞ
f 0 ðxnÞ

;

zn ¼ yn � 1þbu
1þðb�2Þu

f ðynÞ
f 0ðxnÞ
¼ yn � Gf ðuÞ f ðxnÞ

f 0 ðxnÞ
;

xnþ1 ¼ zn � 1�u
1�3u �

f ðznÞ
f 0ðxnÞ

:

8>>><
>>>:

ð1:5Þ

where u ¼ f ðynÞ
f ðxnÞ ;Gf ðuÞ ¼ uð1þbuÞ

1þðb�2Þu ; b 2 R.

Definition 1.1 (Error equation, asymptotic error constant, order of convergence). Let x0; x1; . . . ; xn; . . . be a sequence of numbers

converging to a. Let en ¼ xn � a for n ¼ 0;1;2; . . .. If constants p P 1; c – 0 exist in such a way that enþ1 ¼ cep
n þ Oðepþ1

n Þ called
the error equation, then p and g ¼ jcj are said to be the order of convergence and the asymptotic error constant, respectively. It
is easy to find c ¼ limn!1

enþ1

ep
n

. Some authors call c the asymptotic error constant.

Three-point methods (1.2)–(1.5) possess rather complicated structures, as compared with two-point methods like (1.1).
Among the existing methods requiring two derivatives and two functions, two-point methods of order higher than four are
rarely found. As a result, this rareness gives us a strong motivation to design less complicated higher-order two-point meth-
ods using two derivatives and two functions. In this paper, our special attention is paid to the development of a general class
of two-point higher-order extended double-Newton methods. To this end, by introducing a two-variable weighting function
in the second step of (1.1), we propose a higher-order family of two-point methods in the following form:

yn ¼ xn � f ðxnÞ
f 0 ðxnÞ

;

xnþ1 ¼ yn � Kf ðs; uÞ � f ðynÞ
f 0 ðynÞ

;

8<
: ð1:6Þ

where the weighting function Kf : C2 ! C is holomorphic[26] in a neighborhood of ð1;0Þ with s ¼ f 0 ðynÞ
f 0 ðxnÞ
¼ 1þ OðenÞ and

u ¼ f ðynÞ
f ðxnÞ ¼ OðenÞ. In view of the fact that s� 1 ¼ OðenÞ;u ¼ OðenÞ, Taylor series expansion of Kf ðs;uÞ about ð1;0Þ up to terms

of several order in each variable will play an essential role in designing two-point sixth-order methods costing two deriva-
tives and two functions.

Note that proposed scheme (1.6) requires four new function evaluations for f ðxnÞ; f ðynÞ; f
0ðxnÞ; f 0ðynÞ. In Section 2, meth-

odology and analysis is described for a new family of sixth-order methods with appropriate forms of Kf . Section 3 investi-
gates some special cases of Kf ðs;uÞ, Section 4 discusses the extraneous fixed points, while Section 5 presents numerical
experiments and concluding remarks.

2. Method development and convergence analysis

This section deals with the main theorem and its proof describing the methodology and convergence behavior on iterative
scheme (1.6).

Theorem 2.1. Assume that f : C! C has a simple root a and is analytic [1] in a region containing a. Let D ¼ f 0ðaÞ and cj ¼ f ðjÞðaÞ
j!f 0 ðaÞ

for j ¼ 2;3; . . .. Let x0 be an initial guess chosen in a sufficiently small neighborhood of a. Let Kf : C2 ! C be holomorphic in a

neighborhood of ð1;0Þ. Let Kij ¼ 1
i!j!

@iþj

@si@uj Kf ðs;uÞjðs¼1;u¼0Þ for 0 6 i; j 6 4. If K00 ¼ 1;K01 ¼ K10 ¼ 0;K20 ¼ 3þK02
4 ;K11 ¼ 1þ K02;

K12 ¼ 1
2 K03 þ 2ðK21 � 2K30 � 1Þ are satisfied, then iterative scheme (1.6) defines a family of two-point sixth-order methods

satisfying the error equation below: for n ¼ 0;1;2; . . .,

enþ1 ¼ c2
2c4 �

ð3þ K02Þ
4

c2c2
3 þ c3

2c3 2K21 � 8K30 �
1
2

K03 � 9
� �

þ c5
2/

� �
e6

n þ Oðe7
nÞ; ð2:1Þ

where / ¼ 8K31 þ 2K13 � 4K22 � 16K40 � K04 þ 14.

Proof. Taylor series expansion of f ðxnÞ about a up to 6th-order terms with f ðaÞ ¼ 0 leads us to:
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