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a b s t r a c t

Uniform exponential stability of linear systems with time varying coefficients
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is studied, where t P 0; m and rij; i; j ¼ 1; . . . ;m are natural numbers, ak
ij : ½0;1Þ ! R and

hk
ij : ½0;1Þ ! R are measurable functions. New explicit result is derived with the proof

based on Bohl–Perron theorem. The resulting criterion has advantages over some previous
ones in that, e.g., it involves no M-matrix to establish stability. Several useful and easily
verifiable corollaries are deduced and examples are provided to demonstrate the advantage
of the stability result over known results.
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1. Introduction

In the paper uniform explicit exponential stability is investigated for the linear delay differential system with time vary-
ing coefficients

_xiðtÞ ¼ �
Xm

j¼1

Xrij
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ak
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where t P 0; m and rij; i; j ¼ 1; . . . ;m are natural numbers, coefficients ak
ij : ½0;1Þ ! R and delays hk

ij : ½0;1Þ ! R are mea-
surable functions (additional assumptions will be formulated later).

For the scalar case (m ¼ 1), the system (1) reduces to a linear differential equation with several delays

_xðtÞ ¼ �
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Eq. (2) is studied in detail, e.g., in [1–5], and a review on stability results can be found in [6]. For system (1), there are not so
many results.

In the following short overview of known results we use the notion of an M-matrix. For the reader’s convenience, we
recall that a square matrix is called a non-singular M-matrix if all its off-diagonal elements are non-positive and its principal
minors are positive. (In [7], equivalent definitions can be found.)

Asymptotic stability conditions for the autonomous case of system (1) (when ak
ijðtÞ � ak

ij; hk
ijðtÞ � t � sk

ij and ak
ij; sk

ij are
constant) is considered in [8]. In particular, for the system

_xiðtÞ ¼ �
Xm

j¼1

aijxjðt � sijÞ; i ¼ 1; . . . ;m; ð3Þ

where sij P 0, the following result holds (below, aþ denotes the positive part of a, i.e., aþ ¼maxfa;0g).

Theorem 1 (Corollary 4.3, [8]). Let

0 < aiisii < 1þ 1=e; i ¼ 1; . . . ;m

and let the m�m matrix H with components

hij ¼
1� aiisii�1=eð Þþ
1þ aiisii�1=eð Þþ

� �
aii; i ¼ j;

�jaijj; i – j;

(

i; j ¼ 1; . . . ;m be a non-singular M-matrix. Then, system (3) is asymptotically stable for any selection of delays
sij; i – j; i; j ¼ 1; . . . ;m.

In [9], the system (3) is also considered and the following result derived.

Theorem 2 (Theorem 1.3, [9]). Let

0 6 aiisii < 3=2; i ¼ 1; . . . ;m

and let the matrix G with components

gij ¼
� 1þaiisiið3þ2aiisiiÞ=9

1�aiisiið3þ2aiisiiÞ=9

� �
jaijj; i – j;

aii; i ¼ j;

(

be a nonsingular M-matrix. Then, system (3) is asymptotically stable for any selection of delays sij; i – j; i; j ¼ 1; . . . ;m.
In [10], the authors consider the non-autonomous system

_xiðtÞ ¼ �
Xm

j¼1

aijðtÞxjðhijðtÞÞ; i ¼ 1; . . . ;m; ð4Þ

where t 2 ½t0;1Þ; t0 2 R; aijðtÞ; hijðtÞ are continuous functions, hijðtÞ 6 t, and hijðtÞ are monotone increasing functions such
that limt!1hijðtÞ ¼ 1; i; j ¼ 1; . . . ;m.

Theorem 3 (Theorem 2.2, [10]). Assume that, for t P t0, there exist non-negative numbers bij; i; j ¼ 1; . . . ;m, i – j such that
jaijðtÞj 6 bijaiiðtÞ; i; j ¼ 1; . . . ;m; i – j, aiiðtÞP 0 andZ 1

aiiðsÞds ¼ 1; di ¼ lim sup
t!1

Z t

hiiðtÞ
aiiðsÞds < 3=2; i ¼ 1; . . . m:

Let ~B ¼ ð~bijÞ
m

i;j¼1 be an m�m matrix with entries ~bii ¼ 1; i ¼ 1; . . . ;m and, for i – j; i; j ¼ 1; . . . ;m,

~bij ¼
� 2þd2

i

2�d2
i

� �
bij; if di < 1;

� 1þ2di
3�2di

� �
bij; if di P 1:

8><
>:

If ~B is a nonsingular M-matrix, then system (4) is asymptotically stable.
Very interesting global asymptotic stability results were obtained for nonlinear systems of delay differential equations in

the recent papers [15–17].
The aim of the paper is to extend Theorems 1–3 in the following directions. Instead of autonomous system (3) considered

in Theorems 1 and 2, we consider non-autonomous system (1). Unlike of assumptions of Theorem 3, we remove inequalities
jaijðtÞj 6 bijaiiðtÞ; i; j ¼ 1; . . . ;m; i – j and do not assume that hijðtÞ; i; j ¼ 1; . . . ;m are monotone increasing functions.

We will consider a more general system (1) and then, as a particular case, system (4) as well. We analyse systems with
measurable parameters unlike the systems with continuous parameters investigated in [10].

In Theorems 1–3, all conditions are formulated in such a way that special matrices constructed here are non-singular
M-matrices. We derive different stability conditions not assuming that a special matrix is an M-matrix and we show (in
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