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a b s t r a c t

The main goal of this paper is to study the maximum number of limit cycles that bifurcate
from the period annulus of the cubic centers that have a rational first integral of degree 2
when they are perturbed inside the class of all cubic polynomial differential systems using
the averaging theory. The computations of this work have been made with Mathematica
and Maple.
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1. Introduction and statement of the main results

One of the main problems in the qualitative theory of real planar differential systems is the determination of their limit
cycles. There are several methods for computing the number of limit cycles bifurcating from the periodic orbits of a center
[1,2]. Most of the methods are based on the Poincaré return map, the Poincaré–Melnikov integrals (see for instance [8,9]),
the Abelian integrals, and the averaging theory of first order. In fact in the plane the last three methods are essentially
equivalent. The first two methods only give the number of the periodic orbits of the unperturbed system that become
limit cycles when the system is perturbed. The averaging method and method presented in [5] using the inverse
integrating factor also give the shape of the bifurcated limit cycles. For a general overview of some of these mentioned
tools see the book [7].

The study of the number of limit cycles of a polynomial differential system is mainly motivated by the 16th Hilbert prob-
lem, which together with the Riemann conjecture are the two problems of the famous list of 23 problems of Hilbert which
remains open. See for more details [10,16].

The problem of studying the bifurcation of limit cycles from the periodic orbits of a center of a polynomial differential
system of degree 2 when this system is perturbed inside the class of all polynomial differential systems of degree 2 has been
studied intensively during these last 20 years, see for instance the books [4,18], and the hundreds of references quoted there,
and in particular the references [6,13,19]. There are few works trying to study this problem for cubic polynomial differential
systems. Our objective will be to study this problem for the cubic polynomial differential systems having a rational first inte-
gral of degree 2.

The classification of all cubic polynomial differential systems having a center at the origin and a rational first integral of
degree 2 can be found in [14]. Now we summarize this classification in six families of cubic polynomial differential systems
that we denote by Pk for k ¼ 1;2; . . . ;6.
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The class P1 is represented by system

_x ¼ 2yða2 þ bþ 2axþ x2Þ;
_y ¼ �2ðða2 þ bÞxþ ax2 � ay2 � xy2Þ;

with b < 0 and a2 þ b – 0.
The class P2 is obtained translating the other center of P1 to origin. It is described by system

_x ¼ 2a�2yðb2 � 2abxþ a2ðbþ x2ÞÞ;
_y ¼ �2ða2x� ax2 � a�2by2 þ xðbþ y2ÞÞ:

The class P3 is given by system

_x ¼ xð1þ a2 þ 2xþ x2 � y2Þ;
_y ¼ yð�1� a2 � 2yþ x2 � y2Þ;

with a – 0.
The class P4 is represented by system

_x ¼ yðx2 þ aÞ; _y ¼ xðy2 þ bÞ;

with ab < 0.
The class P5 is provided by system

_x ¼ xðb2 þ d2 þ 2ðbþ cdÞxþ ðc2 þ 1Þx2 � y2Þ;
_y ¼ yð�b2 � d2 � 2dyþ ðc2 þ 1Þx2 � y2Þ;

with d ¼ 0 or d ¼ 1. If d ¼ 0 then bc – 0 and if d ¼ 1 then bðbc� 1Þ – 0.
Finally the class P6 is obtained taking b ¼ 0 in P1. Thus, we get the system

_x ¼ 2yðxþ aÞ2;
_y ¼ �2ðxþ aÞðax� y2Þ;

with a – 0.
In [12] the authors studied the cubic polynomial differential systems having a rational first integral of degree 2 whose

phase portraits correspond to the phase portraits P1; P3 and P4 of Fig. 1. These systems were denoted in [12] by (A), (B)
and (C). They also proved that all the centers of these systems are reversible and isochronous, see [12, p. 314]. Their main
result provides upper boundsM for the maximum number of limit cycles of systems P1; P3 and P4 when they are perturbed

Fig. 1. Phase portraits in the Poincaré disc of the cubic polynomial vector fields with a center at the origin and a rational first integral of degree 2.
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