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a b s t r a c t

For saddle-point matrix and its Lagrangian augmentation, we derive bounds on eigen-
values and on Euclidean condition numbers, and discuss the asymptotic behavior of the
Euclidean condition numbers with respect to the parameter in the augmentation.
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1. Introduction

Let

A �
B E

E� 0

� �
ð1:1Þ

be a saddle-point matrix, with B 2 Cp�p being nonsingular, Hermitian and indefinite, and E 2 Cp�q being of full column-rank.
Note that the matrix A is Hermitian and indefinite [2,5]. Let

Ac �
Bc E

E� 0

� �
ð1:2Þ

be the corresponding saddle-point matrix with Lagrangian augmentation, where

Bc ¼ Bþ cE�W�1E; ð1:3Þ

with c being a positive constant and W 2 Rq�q being a Hermitian positive definite matrix [3]. Here and in the sequel, we use
ð�Þ� to denote the conjugate transpose of either a vector or a matrix, and represent by n ¼ pþ q.

In this paper, for saddle-point matrix A and the augmented matrix Ac, we derive bounds on eigenvalues and bound on
Euclidean condition number of the augmented matrix Ac in terms of those of the matrix A, and discuss the asymptotic behav-
ior of the Euclidean condition number jðAcÞ with respect to the parameter c. Alternatively, we also derive bounds on eigen-
values and bound on Euclidean condition number of the matrix A in terms of those of the augmented matrix Ac. These
estimates further improve those given in [4].

2. Conditioning analysis of Ac

In [4], based on the matrix identity
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A�1
c ¼ A�1 � Diagð0; cW�1Þ ð2:1Þ

the authors presented the following upper bound on the condition number of the matrix Ac:

jðAcÞ 6 jðAÞ þ cðkEk2 þ 1ÞkW�1kkA�1k þ c2kW�1k2kEk2
:

As a result, when W ¼ I, the identity matrix, it holds that

jðAcÞ
c2 �!kEk2

as c!1.
Also, based on (2.1), we can demonstrate the following bounding the eigenvalues of the augmented matrix Ac, with the

notations that kminðMÞ and kmaxðMÞ represent the smallest and the largest eigenvalues of a Hermitian matrix M, and spðMÞ
indicates the set of all of its eigenvalues.

Theorem 2.1. Let spðAÞ# ½�H;�h� [ ½d;D�, with h;H and d;D being positive reals. Then spðAcÞ# ½�Hc;�hc� [ ½dc;Dc�, where
Hc ¼ H; dc ¼ d, and

hc ¼
h

1þ chkW�1k
; Dc ¼ Dþ ckW�1=2Ek2

:

Proof. From

Ac ¼ Aþ DiagðcE�W�1E;0Þ

we can straightforwardly obtain the estimates

kmaxðAcÞ 6 Dþ ckW�1=2Ek2 and kminðAcÞP �H;

which imply that

Dc ¼ Dþ ckW�1=2Ek2 and Hc ¼ H:

And from (2.1) and spðA�1Þ# � 1
h ;

1
d

� �
we can derive the bounds

kmaxðA�1
c Þ 6 kmaxðA�1Þ 6 1

d

and

kminðA�1
c ÞP kminðA�1Þ � ckW�1kP �1

h
� ckW�1k:

It then follows from Lemma 2.2 in [1] that

1
dc
¼ 1

d
or dc ¼ d;

and

� 1
hc
¼ �1

h
� ckW�1k or hc ¼

h

1þ chkW�1k
: �

Theorem 2.1 immediately results in an estimate about the Euclidean condition number jðAcÞ of the augmented matrix Ac.

Theorem 2.2. Let spðAÞ# ½�H;�h� [ ½d;D�, with h;H and d;D being positive reals. Then

jðAcÞ 6
maxfD; Hg þ ckW�1=2Ek2
� �

1þ chkW�1k
� �

minfd; hg

¼ jðAÞ þ
kW�1=2Ek2 þ h maxfD; HgkW�1k
� �

cþ hkW�1kkW�1=2Ek2c2

minfd; hg :
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