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a b s t r a c t

This paper studies the customers’ equilibrium balking behavior in some single-server
Markovian queues with two-stage working vacations. That is, the server starts taking
two successive working vacations when the system becomes empty, during which he pro-
vides low-rate service but maintains different service rates in the two-stage vacations.
Based on different precision levels of system information, we discuss observable queues,
partially observable queues and unobservable queues, respectively. For each type of
queues, we get the customers’ equilibrium balking strategy and equilibrium social welfare
per time unit, and numerically observe that their positive equilibrium strategy is unique.
Especially, for partially observable queues, the customers’ equilibrium joining probabilities
in vacation states are not necessarily smaller than that in busy state.

� 2014 Elsevier Inc. All rights reserved.

1. Introduction

For the work studying on customers’ equilibrium balking strategies in queues with classical vacation policies, Burnetas
and Economou [1] first presented several Markovian queues with setup times and four precision levels of system informa-
tion: fully observable, almost observable, almost unobservable and fully unobservable. Then Economou and Kanta [2] dis-
cussed an observable queue with server breakdowns. For the fully and partially observable queues, Liu et al. [10]
introduced classical single vacation policy, whereas Wang and Zhang [21] and Li et al. [9] focused on server breakdowns
and delayed repairs. Then Sun and Li [16] obtained customers’ equilibrium balking strategies with five types of decision cri-
teria in some unobservable queues with multiple vacations. On the other hand, for discrete-time queueing systems, Ma et al.
[12] investigated some Geo/Geo/1 queues with multiple vacations. Besides customers’ equilibrium balking strategies, there
are also some work concerning socially optimal ones. Sun et al. [15,18] considered fully observable and unobservable queues
with several types of setup/closedown policies: interruptible, skippable and insusceptible policies, respectively. Moreover,
Guo and Hassin [4,5] elaborately studied fully observable and unobservable queues with homogeneous and heterogeneous
customers under N-policy, respectively. Then Economou et al. [3] further discussed the unobservable and partially observa-
ble queues with general service and vacation times.

Different from the work with various classical vacation policies above, recently, Sun and Li [17] and Zhang et al. [22] stud-
ied the customers’ equilibrium or socially optimal balking strategies in queues with multiple working vacations under dif-
ferent information levels. Moreover, Wang et al. [20] considered customers’ equilibrium strategies in some discrete-time
queues with single working vacation. Actually, detailed description of working vacation policy is originally given by Servi
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and Finn [14] and various system performance indices can be consulted in the survey given by Tian and Zhang [19]. In addi-
tion, besides [17,20,22], in the other related literature, the most commonly studied policies are also multiple or single work-
ing vacation policy, and service rate during a whole vacation period is always uniform. Using matrix analytic method, Li et al.
[8] and Liu et al. [11] analyzed stationary queue length distribution and stochastic decomposition results of an Markovian
queue and an M/G/1 queue with multiple exponentially distributed working vacations, respectively. Then Li and Tian [7]
considered a GI/M/1 queue with single working vacation and derived various performance measures.

However, in some service systems, the server takes neither single nor multiple working vacations, but takes n-stage work-
ing vacations, where n is a fixed number and n P 2. During a whole vacation period, the server provides lower-rate service
by himself or by his replacements. Moreover, in view of system managers’ specific demands, the server needs to adjust his
service rates (or his replacements may be changed) among different vacation states, so service rate during each vacation time
can be distinct with each other. One case is that in order to avoid overstocking too many customers at the end of each vaca-
tion time, service rate can be arranged to increase progressively with n. Alternatively, it can also be arranged to decrease
progressively with n if the manager wants to equably attract customers even at the earlier-stage vacation times. To explain
the model, here we give a simple real-life application. For example, there are a chef (the owner) and several (n) assistants in a
famous snack bar in a small town, and it can also provide takeout to the customers. During the chef’s short vacation period,
the assistants, as reserve cooks, take over the duties of the chef in turn. In view of their different levels of cooking skill, they
can adjust their order according to the queue length or other factors. In this paper, we assume the original case n ¼ 2. That is,
we study some queues with two-stage working vacations, where the server provides low-rate service but maintains different
service rates in the two successive working vacation times, respectively.

The main objective of our work is to study the customers’ equilibrium balking strategies in some single-server Markovian
queues with two-stage exponentially distributed working vacations. When customers arrive at the system, in the light of
their acquired different precision levels of system information, they need to make decisions of whether to join the queue
or not. Here we study three types of queueing systems: the observable queues, the partially observable queues and the unob-
servable queues. For the observable queues, we first derive the customers’ equilibrium balking thresholds both in server’s
two-stage working vacation states and busy state. In equilibrium, the order of balking thresholds in the two-stage working
vacations depends on the relation of service rates in the three states. Then in view of the relation of balking thresholds in the
first-stage and second-stage working vacations, we get the stationary queue length distributions and equilibrium social wel-
fare. For the partially observable queues, we derive the customers’ equilibrium joining probabilities and numerically find
that their positive equilibrium mixed strategy is unique. Moreover, the customers’ equilibrium joining probabilities in vaca-
tion states are not necessarily lower than that in busy state, which depends on the values of the service rates. In addition, we
also obtain the stationary queue length distribution and equilibrium social welfare. Finally, for the unobservable queues, we
easily get the customers’ equilibrium mixed strategy and equilibrium social welfare based on the results given in the par-
tially observable case.

The paper is organized as follows: In Section 2, we describe the queueing models and different information precision lev-
els. Sections 3–5 are devoted to the observable queues, the partially observable queues and the unobservable queues, respec-
tively. For each type of queue, we derive the customers’ equilibrium balking strategies and equilibrium social welfare. In
Section 6, we briefly conclude the paper.

2. Model description

In this paper, we consider some single-server Markovian queueing systems with two-stage working vacations. Assume
that customers’ potential arrival rate is k and the server’s regular service rate is lb. Once the system becomes empty, the
server begins a first-stage working vacation V1, which follows an exponential distribution with parameter h. During this per-
iod, an arriving customer is served at a service rate lv1

, which is lower than lb. As soon as the first-stage vacation finishes,
the server continues to take a second-stage working vacation V2, which follows the same distribution with V1, no matter
whether there are customers in the system or not, and then switches service rate from lv1

to lv2
, which is also lower than

lb. After finishing the second-stage vacation, a regular busy period starts if there are still customers waiting in the queue.
Otherwise, the server stays idle until one customer arrives. So we denominate this type of queues as M/M/1/(T-S) WV
queues.

Let ðNðtÞ; IðtÞÞ represent the system state at time t, where NðtÞ denotes the system occupancy, i.e., the number of custom-
ers in the system, and IðtÞ denotes the server state at time t, and

IðtÞ ¼
0; the server is busy or stays idle;
1; the server is taking a first-stage vacation;
2; the server is taking a second-stage vacation:

8><>:
So the observable case means that arriving customers can observe system information of both NðtÞ and IðtÞ, and the partially
observable case means they can observe IðtÞ but not NðtÞ, whereas the unobservable case means they can observe neither
NðtÞ nor IðtÞ.

Let us mark an arriving customer, and he can receive a reward R after service completion but has to bear a cost C for
waiting a time unit. We adopt a linear cost function, so his expected net benefit, denoted by U, is U ¼ R� CE½W�, where
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