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a b s t r a c t

This paper deals with two families of Bernstein–Durrmeyer type operators that arise as
integral modifications respectively from the classical Bernstein operators and from
Bernstein-type operators based on the Polya distribution. An important role is played by
the so-called genuine elements of each class, the only ones that reproduce linear functions.
Asymptotic formulae and direct convergence results are stated. Finally some modifications
of the sequences of the families are introduced, in such a way that the resulting operators
reproduce linear functions and are comparable with the genuine sequences.

� 2014 Elsevier Inc. All rights reserved.

1. Introduction and preliminaries

Durrmeyer [7] and Lupas� [19] introduced independently the following modification of the classical Bernstein operators,
which associates with each function f integrable on the interval ½0; 1� the polynomial

Mnf ðxÞ ¼ ðnþ 1Þ
Xn

k¼0

pn;kðxÞ
Z 1

0
pn;kðtÞf ðtÞdt; x 2 ½0; 1�; ð1Þ

where

pn;kðxÞ ¼
n

k

� �
xkð1� xÞn�k

:

Some further modifications that obey the following expression, for certain non negative integers a P b P 0 and certain
index set In � f0;1; . . . ;ng, were studied later:

Mn;a;bf ðxÞ ¼
X
k2In

pn;kðxÞf ðk=nÞ þ ðn� aþ 1Þ
Xn�aþb

k¼b

pn;kðxÞ
Z 1

0
pn�a;k�bðtÞf ðtÞdt:

Thus, around 1987 Chen [4] and Goodman and Sharma [9] considered the special case a ¼ 2; b ¼ 1, In ¼ f0;ng, usually called
the genuine Bernstein–Durrmeyer operators, which have been intensively studied in many articles (see for instance
[22,23,26,8]; here p0;0ðxÞ ¼ 1 and we use the general convention pn;kðxÞ ¼ 0 if n; k 2 N do not satisfy the condition 0 6 k 6 n).

In 1997 Gupta [11] dealt with the case a ¼ 1; b ¼ 0, In ¼ fng, and more recently Gupta and Maheshwari [16] and Abel
et al. [1] introduced the cases a ¼ 1; b ¼ 1; In ¼ f0g and a ¼ 0; b ¼ 1, In ¼ f0g.
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Obviously, the choice a ¼ 0; b ¼ 0; In ¼ ; corresponds to (1); they are the classical Bernstein–Durrmeyer operators, whose
first study in depth was carried out by Derrienic [5].

One of the key elements of this paper is to notice that it also makes sense to consider the sequences of operators of the
two-parameter family Mn;a;b when, beyond the aforesaid condition a P b P 0, we let a and b be any elements from Z with
a 6 2 and a� 1 6 b 6 1, and In ¼ fi : 0 6 i < bg [ fi : n� aþ b < i 6 ng. For all these values of a and b, by using the notation
aþ ¼maxf0; ag; a 2 R, the operators may be rewritten in the following manner:

Mn;a;bf ðxÞ ¼ bþf ð0Þð1� xÞn þ ðn� aþ 1Þ
Xn�ða�bÞþ

k¼bþ

pn;kðxÞ
Z 1

0
pn�a;k�bðtÞf ðtÞdt þ ða� bÞþf ð1Þxn: ð2Þ

Notice that bþ ¼ 1; if b ¼ 1;
0; otherwise;

�
and ða� bÞþ ¼ 1; if b ¼ a� 1;

0; otherwise:

�
Moreover, if we denote by d ¼ dðtÞ the Dirac delta function, we can even rewrite the operators as

Mn;a;bf ðxÞ ¼
Z 1

0
Ka;b

n ðx; tÞf ðtÞdt;

where

Ka;b
n ðx; tÞ ¼ bþð1� xÞndðtÞ þ ðn� aþ 1Þ

Xn�ða�bÞþ

k¼bþ

pn;kðxÞpn�a;k�bðtÞ þ ða� bÞþxndðt � 1Þ:

Our first aim with this paper is to study the sequences of operators of the family

fMn;a;b : a; b 2 Z; a 6 2; a� 1 6 b 6 1g;

bringing at the same time a sort of unification to all those papers which have dealt with the aforementioned particular cases.
Thus, in Section 2 we deal with the moments and derive an asymptotic formula, which extends known results for the afore-
mentioned particular cases. As a byproduct, we see that all the operators of the family reproduce constants and only the gen-
uine ones reproduce linear functions. In Section 3 we show that Mn;a;bf represents an approximation process towards f for
f 2 C½0; 1�, and prove a direct estimate. Section 4 contains estimates of the rate of convergence for absolutely continuous
functions whose first derivative coincides with a function of bounded variation on each subinterval of ð0; 1Þ.

As a second interesting point of this work, in Section 5 we introduce a modification of each sequence Mn;a;b, a < 2, in such
a way that the resulting operators, say eMn;a;b, reproduce linear functions. We prove that the sequences eMn;a;b present orders
of approximation at least as good as the one of Mn;2;1 in the intervals where they make sense, namely Ia;b :¼ 1�b

3�a ;
2�b
3�a

� �
. In con-

nection with this, we point up that for a < 2 and b ¼ 1;0;�1; . . . ;a� 1, the subintervals Ia;b cover the interval ½0; 1�, while for
a ¼ 2 (and consequently b ¼ 1) Ia;b ¼ ½0; 1�; this fact make us see the genuine Bernstein–Durrmeyer sequence as a limit ele-
ment of certain one-parameter family of sequences of piecewise polynomial operators which reproduce linear functions.

Finally, in Section 6, we accomplish our last objective by proposing a parallel study for the integral modification of the
following sequence of Bernstein-type operators based on the Polya distribution:

Pð1=nÞ
n ð f ; xÞ ¼ 2ðn!Þ

ð2nÞ!
Xn

k¼0

f
k
n

� �
ðnxÞkðn� nxÞn�k;

where the rising factorials ðnxÞk ¼
Qk�1

i¼0 ðnxþ iÞ, ðn� nxÞn�k ¼
Qn�k�1

i¼0 ðn� nxþ iÞ are used. This sequence was firstly consid-
ered by Lupas� and Lupas� [20] as a particular case of a general family introduced by Stancu in [25].

2. Moments and central moments

It is clear that each single operator Mn;a;b reproduces constants and produces algebraic polynomials of degree less than or
equal to n. On the other hand, recall that the genuine Bernstein–Durrmeyer operators, Mn;2;1, reproduce linear functions as
well, thus interpolating every function f 2 C½0; 1� at the points 0 and 1.

The following results provide us with formulae for the moments and for the central moments. As usual, we use the nota-
tion emðtÞ ¼ tm, ex

mðtÞ ¼ ðt � xÞm and
lm;nðxÞ ¼ lm;n;a;bðxÞ ¼ Mn;a;bex

mðxÞ:

Obviously,
Mn;a;be0 ¼ e0; l0;nðxÞ ¼ 1: ð3Þ

Proposition 1. Let m;n be positive integers with n > 1 and m P 1. Then

Mn;a;bemðxÞ ¼
ðn� aþ 1Þ!

ðn� aþ 1þmÞ!
Xm

k¼bþ

m

k

� �
ðm� bÞ!n!

ðk� bÞ!ðn� kÞ! xk:
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