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a b s t r a c t

In this paper, we introduce a hybrid viscosity approximation scheme for finding a common
element of the solution set for a system of equilibrium problems, the solution set for a sys-
tem of variational inequality problems and the common fixed point set for an infinite fam-
ily of nonexpansive mappings in Hilbert spaces. Then we prove the strong convergence of
the proposed iterative scheme. Our results improve and extend the results announced by
Ceng and Yao (2008) [4].

� 2014 Elsevier Inc. All rights reserved.

1. Introduction

Let C be a nonempty closed convex subset of a real Hilbert space H and let T : C ! H be a nonlinear mapping, we denote
by FixðTÞ the set of fixed point of T. Recall the following definitions:

(1) T is called a-contractive if there exists a constant a 2 ð0;1Þ such that

kTx� Tyk 6 akx� yk2
; 8x; y 2 C:

(2) T is called nonexpansive if

kTx� Tyk 6 kx� yk; 8x; y 2 C:

(3) T is called k-strictly pseudo-contractive of Browder and Petryshyn type [3] if there exists a constant k 2 ð0;1Þ such that

kTx� Tyk2
6 kx� yk2 þ kkðI � TÞx� ðI � TÞyk2

; 8x; y 2 C: ð1Þ

It is well-known that the last inequality is equivalent to

hTx� Ty; x� yi 6 kx� yk2 � 1� k
2
kðI � TÞx� ðI � TÞyk2

; 8x; y 2 C:
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(4) T is called d-inverse strongly monotone if there exists a positive real number d > 0 such that

hTx� Ty; x� yiP dkTx� Tyk2
; 8x; y 2 C:

It is obvious that any d-inverse strongly monotone mapping is monotone and Lipschitzian.

The classical variational inequality problem is to find x 2 C such that

hAx; y� xiP 0; 8y 2 C: ð2Þ

The set of solutions of (2) is denoted by VIðC;AÞ, that is,

VIðC;AÞ ¼ fx 2 C : hAx; y� xiP 0; 8y 2 Cg:

The variational inequality has been extensively studied in the literature. See e.g. [9–12] and the references therein.
Let F be a bi-function of C � C into R, where R is the set of real numbers. The equilibrium problem for F : C � C ! R is to

determine its equilibrium points, i.e the set

EPðFÞ ¼ fx 2 C : Fðx; yÞP 0; 8y 2 Cg: ð3Þ

Let J ¼ fFigi2I be a family of bi-functions from C � C into R. The system of equilibrium problems for J ¼ fFigi2I is to deter-
mine common equilibrium points for J ¼ fFigi2I , i.e the set

EPðJ Þ ¼ fx 2 C : Fiðx; yÞP 0; 8y 2 C; 8i 2 Ig: ð4Þ

Numerous problems in physics, optimization, and economics reduce into finding some element of EPðFÞ. Some method have
been proposed to solve the equilibrium problem; see, for instance [2,6,7,14,25]. The formulation (4), extend this formalism to
systems of such problems, covering in particular various forms of feasibility problems [1,5].

Given any r > 0 the operator JF
r : H! C defined by

JF
r ðxÞ ¼ z 2 C : Fðz; yÞ þ 1

r
hy� z; z� xiP 0; 8y 2 C

� �

is called the resolvent of F, see [6]. It is shown in [6] that under suitable hypotheses on F (to be stated precisely in Section 2),
JF

r : H! C is single-valued and firmly non-expansive and satisfies

FixðJF
r Þ ¼ EPðFÞ; 8r > 0:

Using this result, in 2007, Takahashi and Takahashi [25] introduced an iterative scheme by viscosity approximation method
for finding a common element of the set of solutions of an equilibrium problem and the set of fixed points of a non-expansive
mapping in a Hilbert space. Let T : C ! H be a non-expansive mapping. Starting with an arbitrary initial point x1 2 H, they
defined the sequence fxng recursively by

xnþ1 ¼ anf ðxnÞ þ ð1� anÞTJF
rn

xn;

where fang � ½0;1� and frng � ð0;1Þ satisfy

lim
n!1

an ¼ 0;
X1
n¼1

an ¼ 1;
X1
n¼1

janþ1 � anj <1;

lim inf
n!1

rn > 0 and
X1
n¼1

jrnþ1 � rnj <1:

They proved that the sequences fxng and fJF
rn

xng converge strongly to z 2 FixðTÞ \ EPðFÞ, where z ¼ PFixðTÞ\EPðFÞf ðzÞ and
PFixðTÞ\EPðFÞ is the metric projection of H onto FixðTÞ \ EPðFÞ.

On the other hand, in 2008, Ceng and Yao [4] introduced and studied an implicit iteration process with perturbed map-
ping for finding a common fixed point of infinitely many non-expansive mappings in H. In addition, Yao et al. [27] introduced
and considered an iterative scheme for finding a common element of the set of solutions of the equilibrium problem (3) and
the set of common fixed points of infinitely many non-expansive mappings in H. Let fTig1i¼1 be a sequence of non-expansive
mappings of C into itself and let fkig1i¼1 be a sequence of nonnegative real numbers in ½0;1�. For each n P 1, define a mapping
Wn of C into itself as follows:
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