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a b s t r a c t

In this paper, we study a class of damped vibration problem with asymptotically quadratic
terms at infinity. We obtain infinitely many nontrivial periodic solutions by variational
method. To the best of our knowledge, there is no published result focusing on this class
of damped vibration problem with asymptotically quadratic terms at infinity.

� 2014 Elsevier Inc. All rights reserved.

1. Introduction and main results

We shall study the existence of infinitely many nontrivial periodic solutions for the following damped vibration problem

€uþ qðtÞIN�N þ Bð Þ _uþ 1
2 BqðtÞ � AðtÞ
� �

uþ Huðt; uÞ ¼ 0; t 2 R;

uð0Þ � uðTÞ ¼ _uð0Þ � _uðTÞ ¼ 0; T > 0;

(
ð1:1Þ

where u ¼ uðtÞ 2 C2ðR;RNÞ; IN�N is the N � N identity matrix, qðtÞ 2 L1ðR; RÞ is T-periodic and satisfies
R T

0 qðtÞdt ¼ 0; AðtÞ ¼
½aijðtÞ� is a T-periodic symmetric N � N matrix-valued function with aij 2 L1ðR; RÞ (8i; j ¼ 1;2; . . . ;N), B ¼ ½bij� is an antisym-

metric N � N constant matrix, Hðt;uÞ 2 C1ðR� RN;RÞ is T-periodic in t and Huðt;uÞ denotes its gradient with respect to the u
variable.

If B ¼ AðtÞ ¼ 0 (zero matrices) and qðtÞ � 0, the non-autonomous second order systems (1.1) have been deeply studied
and a lot of existence and multiplicity results obtained, for example, see [1–6]. When B ¼ 0 (zero matrix), the authors [7]
have studied (1.1) and obtained the existence and multiplicity of periodic solutions. Recently, the authors [8] have studied
a more general problem (that is, damped vibration problem (1.1) with B – 0) by using a critical point theorem in [9] and a
symmetric mountain pass theorem in [10]. The authors [8] have obtained two multiplicity results of nontrivial periodic solu-
tions of (1.1) if Hðt;uÞ is even in u, and Hðt;uÞ satisfying

lim sup
juj!0

Hðt;uÞ
juj2

6 0 uniformly in t 2 ½0; T� ð1:2Þ

and following local Ambrosetti–Rabinowitz superquadratic condition:

0 < lHðt;uÞ 6 Huðt; uÞ; uð Þ; 8t 2 ½0; T�; 8jujP r; ð1:3Þ

where l > 2 and r P 0 are some constants, ð�; �Þ denotes the standard inner product in RN and the associated norm is denoted
by j � j.
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As usual, we say H satisfies the asymptotically quadratic (or superquadratic) growth condition at infinity if

lim
juj!1

jHðt;uÞj
juj2

¼ VðtÞ or lim
juj!1

jHðt; uÞj
juj2

¼ þ1
 !

uniformly in t 2 ½0; T�;

where VðtÞ satisfies inf t2½0;T�VðtÞ > 0. Obviously, condition (1.3) implies limjuj!1
jHðt;uÞj
juj2
¼ þ1. Inspired by Li et al. [8] (super-

quadratic case at infinity), we shall study (1.1) with Hðt;uÞ being asymptotically quadratic growth at infinity.
To state our main result, we assume that

(H1) There are constants l 2 ð1;2Þ and c1; c2; c3 > 0 such that

c3jujl 6 Hðt;uÞ 6 c1juj; 8t 2 ½0; T� and juj 6 c2:

(H2) H(t,u)P 1
2 ðHuðt;uÞ;uÞP 0; 8ðt;uÞ 2 ½0; T� � RN .

(H3) limjuj!1
Hðt;uÞ
juj2
¼ VðtÞ uniformly in t 2 ½0; T�, where inf t2½0;T�VðtÞ > 0.

(H4) eHðt;uÞ ! þ1 as juj ! 1 and

lim sup
juj!0

jHuðt;uÞj
l

l�1eHðt;uÞ ¼ PðtÞ uniformly in t 2 ½0; T�;

where eHðt;uÞ :¼ Hðt;uÞ � 1
2 Huðt;uÞ;uð Þ and jPðtÞj <1.

Remark 1.1. Compared with the condition (1.2) used in [8], our condition ðH1Þ implies limjuj!0
Hðt;uÞ
juj2
¼ þ1, i.e., H is subqua-

dratic at 0. Besides, condition (1.3) used in [8] implies H is superquadratic at infinity, but our condition ðH3Þ implies H is
asymptotically quadratic at infinity. To the best of our knowledge, there is no published result focusing on the existence
(or multiplicity) of nontrivial periodic solutions for (1.1) with H being asymptotically quadratic at infinity and subquadratic
at 0.

Now, our main result reads as follows:

Theorem 1.1. If ðH1Þ—ðH4Þ hold and Hðt;uÞ is even in u, then (1.1) possesses infinitely many nontrivial T-periodic solutions.

Notations. In this paper, we shall use k � kp and ð�; �Þp to denote the norm and the corresponding inner product of Lpð½0; T�; RNÞ
for 8p 2 ½1;1�, respectively. Besides, we use ð�; �Þ and j � j to denote the standard inner product and the associated norm in RN ,
respectively.

The rest of our paper is organized as follows. In Section 2, we establish the variational framework associated with (1.1),
and give some preliminary lemmas, which are useful in the proof of our result, and then we give the detailed proof of our
main result.

2. Variational frameworks and the proof of our main result

In this section, we shall assume that ðH1Þ—ðH4Þ hold and Hðt;uÞ is even in u.
Let W :¼ H1

T be defined by

H1
T :¼ u ¼ uðtÞ : ½0; T� ! RNj u is absolutely continuous; uð0Þ ¼ uðTÞ; and _u 2 L2ð½0; T�; RNÞ

n o
with the inner product

ðu;vÞW :¼
Z T

0
ðu; vÞ þ ð _u; _vÞ½ �dt; 8u; v 2W ;

where ð�; �Þ has been defined in Notations. The corresponding norm of ð�; �ÞW is defined by kukW ¼ ðu;uÞ
1=2
W . Obviously, W is a

Hilbert space.
Let

QðtÞ :¼
Z t

0
qðsÞds

and

kuk0 :¼
Z T

0
eQðtÞ juj2 þ j _uj2

� �
dt

� �1=2

; u 2W;

where the function q is defined in problem (1.1). We denote by h�; �i0 the inner product corresponding to k � k0 on W. Obvi-
ously, the norm k � k0 is equivalent to the usual one k � kW on W.
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