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a b s t r a c t

We define a generalization of Lucas sequence by the recurrence relation lm ¼ blm�1 þ lm�2

(if m is even) or lm ¼ alm�1 þ lm�2 (if m is odd) with initial conditions l0 ¼ 2 and l1 ¼ a.
We obtain some properties of the sequence flmg1m¼0 and give some relations between this
sequence and the generalized Fibonacci sequence fqmg

1
m¼0 which is defined in Edson and

Yayenie (2009). Also, we give corresponding generalized Lucas sequence with the general-
ized Fibonacci sequence given in Yayenie (2011).

� 2014 Elsevier Inc. All rights reserved.

1. Introduction

The Fibonacci sequence fFmg1m¼0 is the most famous sequence among integer sequences which is defined recursively by
the relation Fm ¼ Fm�1 þ Fm�2 with initial conditions F0 ¼ 0 and F1 ¼ 1. The Fibonacci numbers appear in many interesting
places (see [2] for details). Another well-known sequence is the Lucas sequence fLmg1m¼0 which satisfies the same recurrence
relation with the initial conditions L0 ¼ 2 and L1 ¼ 1.

The generating function for Fibonacci and Lucas sequences are, respectively,

X1
n¼0

Fmxm ¼ x
1� x� x2 and

X1
n¼0

Lmxm ¼ 2� x
1� x� x2 ;

and the Binet’s formula for Fibonacci and Lucas sequences are, respectively,

Fm ¼
am � bm

a� b
and Lm ¼ am þ bm;

where a ¼ ð1þ
ffiffiffi
5
p
Þ=2 and b ¼ ð1�

ffiffiffi
5
p
Þ=2 are roots of the characteristic equation x2 � x� 1 ¼ 0. The positive root a is known

as ‘‘golden ratio’’.
There are many generalizations of the Fibonacci sequence. One of them was given by Edson and Yayenie in [1] as follows;

q0 ¼ 0; q1 ¼ 1; qm ¼
aqm�1 þ qm�2; if m is even
bqm�1 þ qm�2; if m is odd

�
ðm P 2Þ; ð1Þ

where a and b are two nonzero real numbers. They gave the generating function and some identities for the sequence
fqmg

1
m¼0. Also they obtained the following extended Binet formula

http://dx.doi.org/10.1016/j.amc.2014.07.111
0096-3003/� 2014 Elsevier Inc. All rights reserved.

E-mail address: gbilgici@kastamonu.edu.tr

Applied Mathematics and Computation 245 (2014) 526–538

Contents lists available at ScienceDirect

Applied Mathematics and Computation

journal homepage: www.elsevier .com/ locate /amc

http://crossmark.crossref.org/dialog/?doi=10.1016/j.amc.2014.07.111&domain=pdf
http://dx.doi.org/10.1016/j.amc.2014.07.111
mailto:gbilgici@kastamonu.edu.tr
http://dx.doi.org/10.1016/j.amc.2014.07.111
http://www.sciencedirect.com/science/journal/00963003
http://www.elsevier.com/locate/amc


qm ¼
anðmþ1Þ

ðabÞb
m
2c

 !
am � bm

a� b
; ð2Þ

where a ¼ abþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2b2þ4ab
p

2 and b ¼ ab�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2b2þ4ab
p

2 are the roots of the characteristic equation x2 � abx� ab ¼ 0 and nðnÞ ¼ n� 2bn2c is
the parity function. Later, in [6], other relationships for the sequence fqmg

1
m¼0 were given. Some conditional sequences

related to the sequence fqmg
1
m¼0 and their properties can be found in [1,3,4,6].

2. Generalized Lucas sequence

In this section, we define a generalization of the Lucas sequence similar to the generalized Fibonacci sequence fqmg
1
m¼0.

We also give generating function and Binet’s formula for this generalized sequence.

Definition 1. For any real nonzero numbers a and b, the generalized Lucas sequences flmg1m¼0 is defined recursively by

l0 ¼ 2; l1 ¼ a; lm ¼
blm�1 þ lm�2; if m is even
alm�1 þ lm�2; if m is odd

�
ðm P 2Þ:

If we take a ¼ b ¼ 1, we have the classical Lucas sequence.

With the help of Lemma 3.1 in [5], we have the following identities.

Lemma 1. The sequence flmg1m¼0 satisfies the following properties

l2n ¼ ðabþ 2Þl2n�2 � l2n�4;

l2nþ1 ¼ ðabþ 2Þl2n�1 � l2n�3:

Theorem 1. The generating function of the sequence flmg1m¼0 is

LðxÞ ¼ 2þ ax� ðabþ 2Þx2 þ ax3

1� ðabþ 2Þx2 þ x4 :

Proof. We define

L0ðxÞ ¼
X1
m¼0

l2mx2m and L1ðxÞ ¼
X1
m¼0

l2mþ1x2mþ1:

Note that

L0ðxÞ ¼ 2þ ðabþ 2Þx2 þ
X1
m¼2

l2mx2m;

ðabþ 2Þx2L0ðxÞ ¼ 2ðabþ 2Þx2 þ
X1
m¼2

ðabþ 2Þl2m�2x2m;

and

x4L0ðxÞ ¼
X1
m¼2

l2m�4x2m:

From the first equation in Lemma 1, we have

1� ðabþ 2Þx2 þ x4� �
L0ðxÞ ¼ 2� ðabþ 2Þx2;

and we get

L0ðxÞ ¼
2� ðabþ 2Þx2

1� ðabþ 2Þx2 þ x4 :

Similarly, we find

L1ðxÞ ¼
aþ ax3

1� ðabþ 2Þx2 þ x4 :

Since LðxÞ ¼ L0ðxÞ þ L1ðxÞ, we obtain the desired result. h

The following theorem gives Binet’s formula for generalized Lucas sequence flmg1m¼0.
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