Applied Mathematics and Computation 240 (2014) 82-90

Contents lists available at ScienceDirect

Applied Mathematics and Computation

journal homepage: www.elsevier.com/locate/amc

A note on permanence of nonautonomous cooperative scalar @CmssMark
population models with delays

Teresa Faria

Departamento de Matemdtica and CMAF, Faculdade de Ciéncias, Universidade de Lisboa, Campo Grande, 1749-016 Lisboa, Portugal

ARTICLE INFO ABSTRACT

Keywords: For a large family of nonautonomous scalar-delayed differential equations used in popula-
Delay differential equation tion dynamics, some criteria for permanence are given, as well as explicit upper and lower
Permanence bounds for the asymptotic behavior of solutions. The method described here is based on

Cooperative equation

: . comparative results with auxiliary monotone systems. In particular, it applies to a nonau-
Quasimonotone condition

tonomous scalar model proposed as an alternative to the usual delayed logistic equation.
© 2014 Elsevier Inc. All rights reserved.

1. Introduction

In [3], Bastinec et al. studied the permanence of the following scalar nonautonomous delay differential equation (DDE)
with a quadratic nonlinearity:

X(t) = ijak(t)x(t = T(0)) = BOX(D), =0, (1.1)
k=1

where m is a positive integer, oy, f:[0,00) — (0,00) are continuous, Ty : [0,00) — [0,00) are continuous and uniformly
bounded, 0 < 74(t) < T for some T >0, fork=1,...,m, t > 0.

In view of the biological interpretation of model (1.1), only positive (or nonnegative) solutions of (1.1) are meaningful. In
[3], the authors restrict their attention to solutions of (1.1) with initial conditions of the form

x(0)=@(0), -1<0<0, (1.2)

for ¢ : [0, 00) — (0, 00) continuous, and added the contraint > ;" ;74(t) > 0 for all t > 0. Using the positivity of the functions
o (t), B(t), it is easy to see that solutions of (1.1)-(1.2) are positive whenever they are defined.
In a previous paper [2], the same authors considered a simpler nonautonomous model

x(t) =r(t) Xm:(xkx(tf (1) — pXE(t)|, t =0, (1.3)
k=1

where the delay functions 74(t) satisfy all the conditions above, r(t) is continuous and satisfies r(t) > ro, t > 0, for some
constant ro > 0, and «,, 8 are positive constants, 1 < k < m.
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Model (1.1) is a generalization of the DDE (1.3), obtained by considering a more general form of nonautonomous coeffi-
cients. The scalar DDE (1.3) has a positive equilibrium K™ = LS 10k, which was proven in [2] to be a global attractor of all its
positive solutions without any further restriction. In general, (1.1) does not have a positive equilibrium, so criteria for either
extinction - when zero is a global attractor - or persistence or permanence play a crucial role.

Here, we set some standard notations. For (1.1) and for the DDEs hereafter, C := C([—7,0]; R) (t > 0) with the usual sup
norm |||, = Supyc_ | (0)| will be taken as the phase space. For an abstract DDE in C,

x(t) =f(t,x), t=to, (1.4)

where f: Q c R x C — R is continuous, x; denotes segments of solutions in C, x,(0) = x(t + 6), —t < 0 < 0. If the solutions of
initial value problems are unique, x(t;to, (o) designates the solution of x(t) = f(t,x:), x;,, = ¢; we use simply x(t; @) for
x(t; 0, ). Even if it is not stated, we shall always assume that f is smooth enough so that initial value problems associated
with (1.4) have unique solutions, with continuous dependence on data. This is the case if f(t, (p) is uniformly Lipschitz con-
tinuous on the variable ¢ € C on each compact subset of Q. For C* := {¢p € C: ¢(0) > 0 for — < 0}, initial conditions
(1.2) are written in the simpler form x, = ¢ with ¢ € int (C"). Cf. e.g. [5], for the concept of permanence given below, as well
as for other standard definitions.

Definition 1.1. The scalar DDE (1.4) is said to be permanent (in S = int(C*), or another S ¢ C* \ {0}) if there are positive
constants mg, Mo with my < My such that, given any ¢ € S, there exists t, = t.(¢) such that mg < x(t,p) < Mo for t > t,

A nice criterion for the permanence of (1.1) was established in [3], assuming only that the functions oy(t), p(t) are
uniformly bounded from above and from below by positive constants.

Theorem 1.1. [3] Assume that > T(t) > 0 for all t > 0. If
(h1) there are positive constants o, Ao, Bo, Bo Such that
oo < o(t) <KAo, Bo<Bt)<Byfort>0, k=1,....m,

then the solutions of the initial value problems (1.1)-(1.2) are positive and defined on [0, o), and (1.1) is permanent in int(C").
Moreover, for every solution x(t) of (1.1)-(1.2) the estimates

mp < lirtninf x(t) < limsup x(t) < Mo, (1.5)
=00 t—o0
hold with
mo = llmmfﬁ—Zak My = 11m sup Zock (1.6)

The proof of this result in [3] is broken into several steps, and takes little advantage of the criterion established previously
by the authors in [2]. Here, we present an alternative proof based on the fact that Eqs. (1.1) and (1.3) satisfy the quasimono-
tone condition. In fact, we shall show later (cf. Theorem 3.2) that we need not assume that 3", 7,(t) > 0 for all t > 0, and
that initial conditions may be taken in the larger set Co := {® € C" : ¢(0) > 0}. We recall that a scalar DDE (1.4) satisfies the
quasimonotone condition (on the cone C*)if forany t > ty and ¢, y € C* with ¢ <y and ¢(0) = y(0), then f(t, @) < f(t,¥)
(cf. [7], p. 78). Under this condition, the semiflow is monotone. If d,f(t, ®) exists, is continuous on [to,o0) x C*, and
dof(t, @)y = 0 for ¢, y € C* and y(0) =0, then (1.4) is cooperative; cooperative equations satisfy the quasimonotone
condition. Here, we abuse the terminology, and refer to equations satisfying the quasimonotone condition as cooperative.

Proof (Alternative proof of Theorem 1.1). Let x(t) = x(t; ¢) be the solution for an initial value problem (1.1)-(1.2), defined on
some maximal interval [0,a) with a € (0,cc]. Then x(t) satisfies the inequality x(t) < Ao> j i X(t — Ti(t)) — Box3(t), t = 0.
Comparing with the cooperative equation

AOZU (t = w(t) = pot?(t), t =0, (1.7)

by Theorem 5.1.1 of [7] we have that x(t) is bounded and defined on [0, o), with x(t) < u(t), t > 0, where u(t) is the solution
of (1.7)-(1.2). Moreover, by [2] the equilibrium u* = mﬁ—ﬁo is a global attractor for all positive solutions of (1.7). We therefore
conclude that limsup,_,_x(t) < u*. In a similar way, we have x(t) > o> )L X(t — Tx(t)) — Box?(t), t > 0, and by comparison
with the cooperative equation

focOth—‘ck —Byr?(t), t=0,

we obtain the lower bound liminf, .. x(t) > v* ”2%0 Hence, (1.1) is permanent.

We now prove the estimates in (1.5),(1.6). Denote x = liminf;_x(t), X = lim sup,_, . x(t). By the fluctuation lemma, there
is a sequence (t,), with t, — oo and x(t;) — X, X(t,) — 0. Fixa small ¢ > 0, and take T > 0 so that x(t) < x + efort > T + 7. For
n large enough so that t, — 7, (t,) > T and x(t,) > X — ¢, using (1.1) we get
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