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a b s t r a c t

In this article, we employ the Nevanlinna’s value distribution theory to investigate the
existence of meromorphic solutions of algebraic differential equations. We obtain the
representations of all meromorphic solutions for two classes of odd order algebraic
differential equations with the weak hp;qi and dominant conditions. Moreover, we give
the complex method to find all traveling wave exact solutions of corresponding partial
differential equations. As an example, we obtain all meromorphic solutions of some
generalized Bretherton equations by using our complex method. Our results show that
the complex method provides a powerful mathematical tool for solving great many
nonlinear partial differential equations in mathematical physics, and using the traveling
wave nobody can find other new exact solutions for many nonlinear partial differential
equations by any method.

� 2014 Elsevier Inc. All rights reserved.

1. Introduction and main results

In this paper, a meromorphic function wðzÞ means that wðzÞ is holomorphic in the complex plane C except for poles.
}ðz; g2; g3Þ is the Weierstrass elliptic function with invariants g2 and g3. It is assumed that the reader is familiar with the
standard notations and the basic results of Nevanlinna’s value-distribution theory, such as

Tðr; f Þ; mðr; f Þ; Nðr; f Þ Nðr; f Þ; . . . :

For detail of Nevanlinna’s value-distribution theory, please see [1–3]. We denote by Sðr; f Þ any function satisfying
Sðr; f Þ ¼ ofTðr; f Þg, as r !1, possibly outside of a set of finite measure.

Recently, some authors find the exact solutions of certain PDEs combining with the complex ODEs. In 2013, Yuan et al.
[4,5] researched the existence of meromorphic solutions of some algebraic differential equations with constant coefficients
by using the Nevanlinna’s value distribution theory, and gave the representations of all meromorphic solutions. At the same
time, the complex method to find all traveling wave exact solutions of corresponding partial differential equations was
given.
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In order to state these results, we need some concepts and notations:
Set m 2 N :¼ f1;2;3; . . .g; rj 2 N0 ¼ N [ f0g; r ¼ ðr0; r1; . . . ; rmÞ; j ¼ 0;1; . . . ;m.

Mr ½w�ðzÞ :¼ ½wðzÞ�r0 ½w0ðzÞ�r1 ½w00ðzÞ�r2 � � � ½wðmÞðzÞ�rm
:

dðrÞ :¼ r0 þ r1 þ � � � þ rm is called the degree of Mr ½w�.

Definition 1.1. A differential polynomial with constant coefficients is defined by

P½w� :¼
X
r2I

arMr½w�;

where ar are constants, and I is a finite index set. The total degree deg P½w� of P½w� is defined by deg P½w� :¼maxr2IfdðrÞg.
Consider the differential equations

Eðz;wÞ :¼ P½w� þw0wðmÞ � 1
2

w
mþ1

2ð Þ
h i2

� awn ¼ 0; ð1:1Þ

where a – 0 is a constant, n 2 N.

Definition 1.2. Let p; q 2 N. Suppose that the meromorphic solution w of the Eq. (1.1) has at least one pole. We say that the
Eq. (1.1) satisfies hp; qi condition if there exactly exist p distinct meromorphic solutions of the Eq. (1.1) with pole of
multiplicity q at z ¼ 0. We say that the Eq. (1.1) satisfies weak hp; qi condition if substituting Laurent series

wðzÞ ¼
X1
k¼�q

ckzk; q > 0; c�q – 0 ð1:2Þ

into the Eq. (1.1), we can determine p distinct principle

X�1

k¼�q

ckzk

with pole of multiplicity q at z ¼ 0.

Definition 1.3. We say that a meromorphic function f belongs to the class W if f is an elliptic function, or a rational function
of eaz; a 2 C, or a rational function of z.

Theorem 1.4 ([4,5]). Let p; l; m; n 2 N; deg P½w� < n, and the Eq. (1.1) satisfy hp; qi condition. Then all meromorphic solutions
w of the Eq. (1.1) must be one of the following four cases:

(I) w is a constant.
(II) w is a rational function with lð6 pÞ distinct poles of multiplicity q, and w :¼ RðzÞ has the form of

RðzÞ ¼
Xl

i¼1

Xq

j¼1

cij

ðz� ziÞj
þ c0: ð1:3Þ

(III) w is a rational function RðnÞ of n ¼ eazða 2 CÞ. RðnÞ has lð6 pÞ distinct poles of multiplicity q, and has the form (1.3).
(IV) w is an elliptic function with double periods 2x1; 2x2, which has lð6 pÞ distinct poles of multiplicity q per parallelogram of

periods. And w has one of the following three forms.

(1.1) If w is even, and the pole of }ðzÞ is the pole of w, then w is a rational QðnÞ in n :¼ }ðzÞ and has the form of

QðnÞ ¼
Xl

i¼1

Xq

j¼1

cij

ðn� niÞj
þ
Xq0

i¼0

cin
i; ð1:4Þ

where q0 6
q
2. If the pole of }ðzÞ is not the pole of w, then q0 ¼ 0.

(1.2) If w is odd, then w
}0 ðzÞ is a rational QðnÞ of n :¼ }ðzÞ.

(1.3) If w is non-odd and non-even, then

wðzÞ ¼ Q 1ð}ðzÞÞ þ }0ðzÞQ2ð}ðzÞÞ;

where Q1ðnÞ and Q2ðnÞ are rational functions with the form (1.4).
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