
Entire solutions of a lattice vector disease model

Zunxian Li a,b, Peixuan Weng b,⇑, Jianxia Bai c

a Department of Mathematics, Tianjin University of Technology, Tianjin 300384, PR China
b School of Mathematics, South China Normal University, Guangzhou 510631, PR China
c Department of Mathematics, Renai College of Tianjin University, Tianjin 301636, PR China

a r t i c l e i n f o

Keywords:
Lattice vector disease model
Entire solution
Traveling wave solution
Spatial independent solution

a b s t r a c t

In this article, the existence and qualitative properties of entire solutions for a lattice vector
disease model is considered. These entire solutions are constructed by the combinations of
traveling wave solutions and the spatial independent solution of the model, which reveal
some new transmission forms of the disease.

� 2014 Elsevier Inc. All rights reserved.

1. Introduction

Since the pioneer work of Kermack and McKendrick [1,2], the investigation of disease models is one of the dominant
themes in both epidemics and mathematical biology. Mathematically, these models include various of differential systems
such as ordinary differential systems and reaction–diffusion systems, etc. (see [3–13]). Recently, some articles considered
the disease spread in the patchy environment, see [7,9,12,14]. If the number of the patches is infinite, Xu and Weng [15]
derived a disease spread model in a 1-dimensional lattice environment, as the best we know, which is the first lattice disease
model considered in the literature. The model in Xu and Weng [15] is as follows:

dunðtÞ
dt

¼ d½unþ1ðtÞ þ un�1ðtÞ � 2unðtÞ� � aunðtÞ þ b½1� unðtÞ�
Z þ1

0

X
j2Z

FjðsÞun�jðt � sÞds; ð1:1Þ

where unðtÞ denotes the density of an infectious host at time t and location n 2 Z; d > 0 is the diffusion coefficient, a > 0 is
the cure/recovery rate of the infected host, and b > a is a constant related to the host-vector contact rate. For more details of
the derivation of this model, we refer to [15].

Actually, Eq. (1.1) is a kind of lattice models with infinite time delay and nonlocal reaction (see [16] for more information
of lattice differential equations). In [15], they assumed the following conditions on FjðsÞ:

(C1) Fj 2 CðRþ � Z;RþÞ with FjðsÞ ¼ F�jðsÞ and FjðsÞP 0 for all j 2 Z; s P 0, and
Rþ1

0

P
j2ZFjðsÞds ¼ 1;

(C2) For any c P 0, there is some k] :¼ k]ðcÞ > 0 such thatZ þ1

0

X
j2Z

FjðsÞe�kðjþcsÞds < þ1 for all k 2 ½0; k]Þ

and limk"k]
Rþ1

0

P
j2ZFjðsÞe�kðjþcsÞds ¼ þ1, where k] may be þ1.
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Under these conditions, it is easy to see that Eq. (1.1) admits two equilibria u � 0 and u � K :¼ 1� a=b. Xu and Weng [15]
derived the existence and isotropic properties of the initial value problem, the spreading speed and the existence of traveling
wave solutions of Eq. (1.1).

We introduce the following proposition from [15] for the use of convenience.

Proposition 1.1. Assume ðC1Þ and ðC2Þ. Define c� > 0 as follows:

c� ¼ inffc > 0 : LcðkÞ 6 1 for some k 2 ð0; k]�g;

where

LcðkÞ :¼ 1
2dþ aþ ck

dðek þ e�kÞ þ b
Z þ1

0

X
j2Z

FjðsÞe�kðjþcsÞds

" #
:

Then for any c P c�, Eq. (1.1) admits a positive traveling wave solution unðtÞ ¼ /cðnÞ; n ¼ nþ ct, which satisfies
/cð�1Þ ¼ 0; /cðþ1Þ ¼ K. Furthermore, for c > c�; /0cðnÞ > 0 on R and

lim
n!�1

/cðnÞe�k1ðcÞn ¼ 1; lim
n!�1

/0cðnÞe�k1ðcÞn ¼ k1ðcÞ:

Here k1ðcÞ > 0 is the smallest solution to the characteristic equation

ck� dðek þ e�k � 2Þ þ a� b
Z þ1

0

X
j2Z

FjðsÞe�kðjþcsÞds ¼ 0:

It is known that the traveling wave solution is a kind of special and important solutions, which describes the travels of the
solution from one steady state to another steady state without changes in shape. For entire solutions, we mean the solutions
defined in the whole space and for the time t 2 R. Of cause, the traveling wave solution is also a kind of entire solutions. In the
latest decades, there have been many papers devoted to the constructions of the entire solutions by the combinations of trav-
eling wave solutions and spatially independent solution [17–24], since the pioneer works of Hamel and Nadirashvili [25,26].

The following lemma illustrates the existence of the spatially independent solution of Eq. (1.1).

Lemma 1.1. Assume ðC1Þ and ðC2Þ. Consider the following spatially independent equation of Eq. (1.1):

duðtÞ
dt
¼ �auðtÞ þ b½1� uðtÞ�

Z þ1

0

X
j2Z

FjðsÞuðt � sÞds: ð1:2Þ

Then Eq. (1.2) admits a heteroclinic solution CðtÞ, which is increasing on R and satisfies

lim
t!�1

e�k�tCðtÞ ¼ K; Cðþ1Þ ¼ K; CðtÞ 6 Kek�t and C0ðtÞ > 0 for t 2 R:

Here k� is the positive root of the equation

KðkÞ :¼ kþ a� b
Z þ1

0

X
j2Z

FjðsÞe�ksds ¼ 0: ð1:3Þ

Define Ac > 0 for each c 2 ðc�;þ1Þ by

Ac :¼ inffA > 0 : A P /cðnÞe�k1ðcÞn for any n 2 Rg: ð1:4Þ

It is easy to see Ac P limn!�1/cðnÞe�k1ðcÞn ¼ 1.
This paper is devoted to both the existence and qualitative properties for entire solutions of Eq. (1.1). This kind of entire

solutions show some new transmission forms of the disease. The following is the main result on the existence of the entire
solutions of Eq. (1.1). The qualitative properties of the entire solutions will be presented in Section 5.

Since the solutions of Eq. (1.1) with initial values may not be twice differentiable, we further assume the following two
conditions on FjðsÞ:

(C3) There exists a positive constant �M > 0 such that
Rþ1

0

P
j2ZjFjðhþ sÞ � FjðsÞjds 6 �Mh for any h 2 Rþ.

(C4) There exists a positive constant ~M > 0 such that
R h

0

P
j2ZFjðsÞds 6 ~Mh for any h 2 Rþ.

Conditions (C3) and (C4) are used for the proof of the following Theorem 1.1, and the idea is motivated from [22]. The
following remark shows that there does exit such kernel functions which satisfy (C1)–(C4).

Remark 1.1. For any s > 0 fixed, the kernel function

FkðsÞ ¼
1
s

e�
s
s; FjðsÞ � 0 for j – k; ð2Þ

admits (C1)–(C4).
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