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a b s t r a c t

We use the properties of Hermite and Kampé de Fériet polynomials to get closed forms for
the repeated derivatives of functions whose argument is a quadratic or higher-order poly-
nomial. These results are extended to product of functions of the above argument, thus giv-
ing rise to expressions which can formally be interpreted as generalizations of the familiar
Leibniz rule. Finally, examples of practical interest are discussed.

� 2014 Elsevier Inc. All rights reserved.

1. Introduction

Formula (1.1.1.1) of Ref. [1], i.e. (D̂n ¼ d=dn)

D̂n
x ½f ðx2Þ� ¼ n!

X½n=2�

k¼0

ð2xÞn�2k

k! ðn� 2kÞ! D̂n�k
x2 f ðx2Þ; ð1:1Þ

refers to repeated derivatives of functions whose argument is a quadratic polynomial. Albeit elementary, and a particular
case of the Faà di Bruno formula [2], some aspects of Eq. (1.1) deserve to be studied as they may lead to novel results.

Eq. (1.1) implicitly assumes that f ðxÞ is at least a n-times differentiable function. Moreover, we make the hypothesis that it
can be written as

f ðxÞ ¼
X1
n¼0

xn

n!
f n ¼ ex /̂ f 0; /̂nf0 ¼ fn; ð1:2Þ

where f0 denotes a kind of ‘‘vacuum’’ state on which the repeated action of the umbral operator /̂ generates a discrete
sequence of functions. The word ‘‘vacuum’’ is borrowed from the Quantum Mechanics, where the entire spectrum and
the eigenfunctions of the Hamiltonian can sometimes be generated by a repeated action of a certain ‘‘creation’’ operator
acting on the ground state (= ‘‘vacuum’’), see Ref. [3]. In what follows we will consider only functions that admit the
expansion (1.2), i.e., that are analytical over the entire complex plane.
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As an example, we note that the Tricomi–Bessel function of order zero [4] can be written as

C0ðxÞ ¼
X1
k¼0

ð�xÞk

ðk!Þ2
¼ e�x /̂ f 0 ð1:3Þ

with

/̂k f 0 ¼
1

Cðkþ 1Þ ; f 0 ¼
1

Cð1Þ ¼ 1: ð1:4Þ

The operator /̂ may also be raised to any real (not necessarily integer) power, so that the Tricomi–Bessel function of order a
can be written as

CaðxÞ ¼
X1
k¼0

ð�xÞk

k!Cðkþ aþ 1Þ ¼ /̂a e�x /̂ f 0: ð1:5Þ

The Tricomi–Bessel functions CnðxÞ introduced above are close relatives of Bessel functions JnðxÞ, as the following formula
shows:

JnðxÞ ¼
x
2

� �n

Cn
x
2

� �2
� �

: ð1:6Þ

Their use here is purely formal. Note however that for non-integer indices n ¼ m the CmðxÞ are free from any singularity at the
origin. The obvious advantage of the previous umbral re-shaping of the function f ðxÞ is the possibility of exploiting the
wealth of the properties of the exponential function, which will be assumed to be still valid, since we will treat the operator
/̂ as an ordinary constant [4].

As a consequence of Eq. (1.2), we can write (we omit the ‘‘vacuum’’ f0 for brevity)

D̂n
gðxÞ f ½gðxÞ� ¼ /̂n e gðxÞ /̂: ð1:7Þ

By taking into account the identity [8] (compare also Eq. (1.1.3.3) on p. 5 of [1])

D̂n
x e a x2 ¼ Hð2Þn ð2ax; aÞe a x2

; ð1:8Þ

where

Hð2Þn ðx; yÞ ¼ n!
X½n=2�

k¼0

xn�2k yk

ðn� 2kÞ!k!
ð1:9Þ

are the two-variable Hermite–Kampé de Fériet polynomials [8,9], one obtains

D̂n
x f ðx2Þ ¼ D̂n

x e x2 /̂ ¼ Hð2Þn ð2x /̂; /̂Þex2 /̂ ¼ n!
X½n=2�

k¼0

ð2xÞn�2k

ðn� 2kÞ!k!
/̂n�k

( )
e x2 /̂ ð1:10Þ

from which, by using Eq. (1.7), we recover Eq. (1.1), see also Appendix A.
The applications of Hð2Þn ðx; yÞ’s in combinatorics of boson operators can be found in Ref. [10]. We quote for completeness

the relation between the Hð2Þn ðx; yÞ and the conventional Hermite polynomials HnðxÞ:

Hð2Þn ðx; yÞ ¼ ð�iÞnyn=2Hn
ix

2
ffiffiffi
y
p

� �
: ð1:11Þ

In the following we shall bypass the use of Hermite polynomials and shall stick to Hð2Þn ðx; yÞ. In this way we avoid carrying
the imaginary unit inherent from Eq. (1.11). Furthermore, Hð2Þn ðx; yÞ permit natural generalizations in the form
HðmÞn ðx1; x2; . . . ; xmÞ; m > 2, see Section 3.

We close this section by stressing that the umbral operator notation as encoded in Eq. (1.2) is entirely equivalent to the
use of the derivative. However the umbral notation is very flexible and permits one a very quick demonstration of otherwise
involved formulas. We have adopted it in our previous work on the Ramanujan Master Theorem [4] and operational methods
[5–7] and continue to use it in the present investigation.

2. An extension of Leibniz formula

In this section we will draw further consequences from the previous formalism. In particular, we will consider the case in
which the function f ðxÞ is the product of two functions, obtaining a closed formula which will be recognized as a generalized
version of the Leibniz rule.

We start by considering the following function

f ðx2Þ ¼ gðx2Þhðx2Þ ¼ e x2 ĉ g0

� �
e x2 ĝ h0

� �
; ð2:1Þ
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