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1. Introduction

Formula (1.1.1.1) of Ref. [1], i.e. (D; = d/d¢)

. [n/2] Zx)n 2k
DI [f 7nzk'n—2k DLk f(x?), 1.1

refers to repeated derivatives of functions whose argument is a quadratic polynomial. Albeit elementary, and a particular
case of the Faa di Bruno formula [2], some aspects of Eq. (1.1) deserve to be studied as they may lead to novel results.

Eq. (1.1) implicitly assumes that f(x) is at least a n-times differentiable function. Moreover, we make the hypothesis that it
can be written as

K=o W= (1.2)
n=0 """

where f, denotes a kind of “vacuum” state on which the repeated action of the umbral operator ¢ generates a discrete
sequence of functions. The word “vacuum” is borrowed from the Quantum Mechanics, where the entire spectrum and
the eigenfunctions of the Hamiltonian can sometimes be generated by a repeated action of a certain “creation” operator
acting on the ground state (= “vacuum”), see Ref. [3]. In what follows we will consider only functions that admit the
expansion (1.2), i.e., that are analytical over the entire complex plane.
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As an example, we note that the Tricomi-Bessel function of order zero [4] can be written as

R I
Co(x) = kEZO (k)2 =ef, (1.3)
with
R 1 1
¢kf0:m7 f():m:l- (1-4)

The operator ¢ may also be raised to any real (not necessarily integer) power, so that the Tricomi-Bessel function of order o
can be written as

=3 O e (15)
T (k+o+1) o :

The Tricomi-Bessel functions C,(x) introduced above are close relatives of Bessel functions J,(x), as the following formula
shows:

5o = (3¢, [(;)2]. (1.6)

Their use here is purely formal. Note however that for non-integer indices n = v the C,(x) are free from any singularity at the
origin. The obvious advantage of the previous umbral re-shaping of the function f(x) is the possibility of exploiting the
wealth of the properties of the exponential function, which will be assumed to be still valid, since we will treat the operator
$ as an ordinary constant [4].

As a consequence of Eq. (1.2), we can write (we omit the “vacuum” fy for brevity)

Dy flg(0)] = ¢ e?. (1.7)
By taking into account the identity [8] (compare also Eq. (1.1.3.3) on p. 5 of [1])

Dle® — H? (2ax,a)e™, (1.8)
where
@) [n/2] Xn—zkyk
=n! - <
H”(x,y) n.k; L (1.9)

are the two-variable Hermite—-Kampé de Fériet polynomials [8,9], one obtains
N , R 5 2 R [n/2] 2X)n 2k B 5
Drf(x*) =Dre¥? = H?(2 X, d ”'Z — 2k prk Lexto (1.10)

from which, by using Eq. (1.7), we recover Eq. (1.1), see also Appendix A.
The applications of H? (x,y)’s in combinatorics of boson operators can be found in Ref. [10]. We quote for completeness
the relation between the H'?(x,y) and the conventional Hermite polynomials H; (x):

H® oy (X
Dxy) = (—i)"y H(Ny)' (1.11)

In the following we shall bypass the use of Hermite polynomials and shall stick to H? (x, ). In this way we avoid carrying
the imaginary unit inherent from Eq. (1.11). Furthermore, H?(x,y) permit natural generalizations in the form
H™ (%1,%,...,%n), m > 2, see Section 3.

We close this section by stressing that the umbral operator notation as encoded in Eq. (1.2) is entirely equivalent to the
use of the derivative. However the umbral notation is very flexible and permits one a very quick demonstration of otherwise
involved formulas. We have adopted it in our previous work on the Ramanujan Master Theorem [4] and operational methods
[5-7] and continue to use it in the present investigation.

2. An extension of Leibniz formula

In this section we will draw further consequences from the previous formalism. In particular, we will consider the case in
which the function f(x) is the product of two functions, obtaining a closed formula which will be recognized as a generalized
version of the Leibniz rule.

We start by considering the following function

F0¢) = g h() = (' 7gy ) (€ "ho), (21)
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