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a b s t r a c t

Using a new fixed point relation, the interval methods for the simultaneous inclusion of
complex multiple zeros in circular complex arithmetic are constructed. Using the concept
of the R-order of convergence of mutually dependent sequences, we present the
convergence analysis for the total-step and the single-step methods with Schröder’s and
Halley-like corrections under computationally verifiable initial conditions. The suggested
algorithms possess a great computational efficiency since the increase of the convergence
rate is attained without additional calculations. Two numerical examples are given to
demonstrate convergence characteristics of the proposed method.

� 2014 Elsevier Inc. All rights reserved.

1. Introduction

The goal of this paper is to present algorithms for the simultaneous inclusion of simple or multiple complex zeros of a
polynomial. These algorithms are realized in circular complex arithmetic. We recall that the main advantage of circular arith-
metic methods lies in automatic computation of rigorous error bound (given by the radii of resulting inclusion disks) on
approximate solutions. It turned out that circular interval complex arithmetic is useful, elegant and powerful tool for finding
errors in the sought results.

Problems in engineering and many other branches often reduce to the location or determination of polynomial zeros,
which points that algorithms for finding polynomial zeros are a natural, powerful, and versatile tool. These algorithms
are used for solving problems of different kinds in many disciplines such as differential and difference equations, eigenvalue
problems, various mathematical models, theory of control systems [5,11,29], image processing [18], statistical physics [38],
theoretical computer science [34], stability of systems [4,15], analysis of transfer functions [12], economics and finance [13,
16, Ch. 9], mathematical biology [6,17], evolutionary game theory [19,20,30–33] and other branches. The listed problems
belonging various disciplines led to a rich blend of mathematics, numerical analysis and applied sciences.

A great importance of the problem of approximating polynomial zeros in the theory and practice led to a vast numerical
algorithms in this topic, see the books [2,22,27], the papers [7–10,23–26,35–37] and references cited therein.

The presentation of the paper is organized as follows. Some basic definitions and operations of circular complex interval
arithmetic, necessary for the convergence analysis and the construction of inclusion methods, are given in Introduction. The
basic total-step and single-step methods are derived in Section 2. In Section 3 we develop the improved total-step methods

http://dx.doi.org/10.1016/j.amc.2014.05.030
0096-3003/� 2014 Elsevier Inc. All rights reserved.

q This work was supported by the Serbian Ministry of Science under the Grant 174022.
⇑ Corresponding author.

E-mail address: miodragpetkovic@gmail.com (M.S. Petković).
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with Schröder’s and Halley-like corrections. Convergence analysis under computationally verifiable initial conditions is given
in Sections 4 and 5. In Section 6 we discuss the single-step versions of improved total step methods, while the numerical
examples are presented in Section 7.

The development and convergence analysis of the proposed algorithms need the basic properties of the so-called circular
complex arithmetic introduced by Gargantini and Henrici [10]. A circular closed region (disk) Z :¼ fz : jz� cj 6 rgwith center
c :¼midZ and radius r :¼ radZ is denoted by parametric notation Z :¼ fc; rg. If Zk :¼ fck; rkgðk ¼ 1;2Þ, then

Z1 � Z2 ¼ fc1 � c2; r1 þ r2g;
Z1 � Z2 ¼ fc1c2; jc1jr2 þ jc2jr1 þ r1r2g;

ð1Þ

Z�1 ¼ fc; rg�1 ¼ f�c; rg
jcj2 � r2

ðjcj > r; i:e: 0 R ZÞ ðexact inversionÞ; ð2Þ

ZIc ¼ fc; rgIc ¼ 1
c

;
r

jcjðjcj � rÞ

� �
ðjcj > r; i:e: 0 R ZÞ ðcentered inversionÞ; ð3Þ

Z1 : Z2 ¼ Z1 � Z�1
2 or Z1 : Z2 ¼ Z1 � ZIc

2 ð0 R Z2Þ:

Note that Z�1 � ZIc , meaning that the exact inversion always produces smaller disks. However, the centered inversion ZIc has
two important advantages: it provides simpler computation and preserves centered form of results, that is,
mid f ðfc; rgÞ ¼ 1=f ðcÞ.

For the basic interval operations þ;�; �, : the inclusion property is valid:

Zk # Wk ) Z1 � Z2 # W1 �W2 ðk ¼ 1;2; � 2 fþ;�; �; :gÞ:

Moreover, if f is a rational function and F its complex circular extension, then

Zk # Wk ðk ¼ 1; . . . ; qÞ ) FðZ1; . . . ; ZqÞ# FðW1; . . . ;WqÞ:

In particular, we have

wk 2Wk ðk ¼ 1; . . . ; q; wk 2 CÞ ) f ðw1; . . . ;wqÞ 2 FðW1; . . . ;WqÞ:

In this paper we will use the following obvious properties:

z 2 fc; rg () jz� cj 6 r; ð4Þ
fc1; r1g \ fc2; r2g ¼ ; () jc1 � c2j > r1 þ r2: ð5Þ

More details about circular arithmetic can be found in the books [2,22,27]. Throughout this paper disks in the complex
plane will be denoted by capital letters.

2. Basic methods

Let PðzÞ ¼ zn þ an�1zn�1 þ . . .þ a1zþ a0 ðn � 3Þ be a monic polynomial with simple or multiple complex zeros f1; . . . ; fm

ð2 6 m 6 nÞ of multiplicities l1; . . . ;lm ðl1 þ . . .þ lm ¼ nÞ, respectively, and let z1; . . . ; zm be their approximations. For the
point z ¼ zi let us introduce the notations:

Rk;i ¼
X

j2Imnfig

lj

ðzi�fjÞk
; sk;i ¼

X
j2Imnfig

lj

ðzi�zjÞk
ðk ¼ 1;2Þ;

d1;i ¼ P0 ðziÞ
PðziÞ

; d2;i ¼ P0 ðziÞ2�PðziÞP00 ðziÞ
PðziÞ2

; ui ¼ PðziÞ
P0ðziÞ

;

ei ¼ zi � fi;

ð6Þ

where Im ¼ f1; . . . ; mg is the iteration index. Assume that we have found disjoint disks Z1; . . . ; Zm such that each of them con-
tains one and only one zero of P, that is, fi 2 Zi ði 2 ImÞ. Define the inclusion disks

Sk;i ¼
X

j2Imnfig

lj

ðzi � ZjÞk
ðk ¼ 1;2; i 2 ImÞ

and introduce the disks

Sk;iðX;WÞ ¼
Xi�1

j¼1

INV1ðz� XjÞ
� �k þ

Xm

j¼iþ1

INV1ðz�WjÞ
� �k ðk ¼ 1;2Þ; ð7Þ

BiðX;WÞ ¼ liui 1� li þ liui
P00ðziÞ
P0ðziÞ

� u2
i S2

1;iðX;WÞ � liS2;iðX;WÞ
� �� 	

; ð8Þ
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