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a b s t r a c t

Based on the Lie algebra glð2Þ, taking a kind of corresponding loop algebra gglð2Þ, a new Lax
integrable hierarchy can be obtained. Then, by means of the quadratic-form identity, the
corresponding bi-Hamiltonian structure was worked out. Expanding Lie algebra glð2Þ,
and making use of the new zero curvature equation Zhang (2008) [9], we obtain an inte-
grable hierarchy and its Hamiltonian structure. At last, two kinds of Darboux transforma-
tions of the equation are generated.

� 2014 Elsevier Inc. All rights reserved.

1. Introduction

By using some matrix Lie algebras, Guizhang [1] once introduced a powerful tool for generating integrable Hamiltonian
systems [3–6], which was called Tu scheme. By employing the corresponding loop algebras, some interesting soliton hier-
archies of evolution equations were worked out. However, we have found that some solitary hierarchy can be obtained
by a kind of vector loop algebra [8].

Let G be a s-dimensional Lie algebra with basis e1; e2; . . . ; es. Take a ¼
Ps

k¼1akek; b ¼
Ps

k¼1bkek 2 G. The loop algebra ~G
generated by G has the basis ekðmÞ ¼ ekk

m; 1 6 k 6 s; m 2 Z, the commuting operations read ½ekðmÞ; ejðnÞ� ¼ ½ek; ej�kmþn.
The column vector form of ~G is given by

~G ¼ a ¼ ða1; . . . ; asÞ; ak ¼
X

m

ak;mkm; ½a; b� ¼ c ¼ ðc1; . . . ; csÞT :

The linear isospectral problem established by ~G is as follows

w@ ¼ ½U;w�;
wt ¼ ½V ;w�; kt ¼ 0;

�
ð1Þ

where @ ¼
Pn

k¼1ak
@
@xk

, ak are arbitrary constants, w@ denotes the derivative sum of w with aspect to xk; k ¼ 1;2; . . . ;n.
The compatibility condition of (1) is the zero curvature equation

Ut � V@ þ ½U;V � ¼ 0;

its stationary zero curvature equation reads

V@ ¼ ½U;V �: ð2Þ
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Take U ¼ Uðk;uÞ ¼ U0 þ Rp
i¼1uiUi; Ui 2 ~G; u ¼ ðu1; . . . ;upÞT , assume rankU0 ¼ rankðuiUiÞ ¼ a; 1 6 i 6 p, then U is called

the same-rank, denote by

rankðUÞ ¼ rankð@Þ ¼ rank
@

@xk

� �
¼ a; 1 6 k 6 n: ð3Þ

Let two same-rank solutions V1 and V2 satisfy the relation V1 ¼ cV2; c ¼ constant, then we see that

Theorem 1. Let (3) hold. Two same-rank solutions of (2) possess V1 ¼ cV2. Set ½a; b�T ¼ aT RðbÞ; a; b 2 ~G, the constant matrix
F ¼ ðfijÞs�s meets

F ¼ FT ; RðbÞF ¼ �ðRðbÞFÞT : ð4Þ
Define a quadratic functional as follows

fa; bg ¼ aT Fb; 8a; b 2 ~G;

then the following identity holds

d
dui
fV ;Ukg ¼ k�c @

@k
kc V ;

@U
@ui

� �� �
; i ¼ 1; . . . ;p; ð5Þ

where c is a constant to be determined, V is a same-rank solution of 2. 5 is called the quadratic-form identity.
Zhang and Fan [2] proposed the Lie algebra glð2Þ ¼ spanfe1; e2; e3g, where

e1 ¼
1 0
0 �1

� �
; e2 ¼

0 0
1 0

� �
; e3 ¼

1 �2
0 1

� �
; M1 ¼

1 0
1 1

� �
;

along with the commutative relation

½e1; e2� ¼ �2e2; ½e1; e3� ¼ �2e2 þ 2e3; ½e2; e3� ¼ 2e1;

½ei; ej� ¼ eiM1ej � ejM1ei; ei; ej 2 glð2Þ:

�
In this paper, we consider the known Lie algebra glð2Þ, and take a kind of corresponding loop algebra gglð2Þ, a new Lax

integrable hierarchy can be obtained. Then, by means of the quadratic-form identity, the corresponding bi-Hamiltonian
structure was worked out. In Section 3, we want to expand the Lie algebra glð2Þ into the Lie algebra G1, and take a kind
of loop algebra ~G1. Next, we start from an isospectral problem to obtain the integrable hierarchy (26), by making use of
the zero curvature equation [9]. In addition, by using the quadratic-form identity, we can obtain a Hamiltonian structure.

Study of the algebraic properties of the equations is an important aspect in soliton theory. Some ways for generating Dar-
boux transformations of nonlinear soliton equations by starting from isospectral problems [10]. In Section 4, when
n ¼ 2; b ¼ 2, the integrable hierarchy (26) can be reduced to a new Eq. (31). In [11] the Darboux transformations for a
Lax pair integrable systems are investigated in detail. Based on this, we obtain two kinds of Darboux transformations of
the new Eq. (31).

2. A new integrable hierarchy and its bi-Hamiltonian structure

Based on the known Lie algebra glð2Þ, we construct the following loop algebra gglð2Þ:

ekði;nÞ ¼ ekk
2nþi; k—spectral parameter;

½e1ði;mÞ; e2ðj;nÞ� ¼ �2e2ðdij;mþ nþ qijÞ;
½e1ði;mÞ; e3ðj;nÞ� ¼ �2e2ðdij;mþ nþ qijÞ þ 2e3ðdij;mþ nþ qijÞ;
½e2ði;mÞ; e3ðj;nÞ� ¼ 2e1ðdij;mþ nþ qijÞ;

di;j ¼
iþ j; iþ j < 2;
0; iþ j ¼ 2;

�
qi;j ¼

0; iþ j < 2;
1; iþ j ¼ 2;

�
degðekði;nÞÞ ¼ 2nþ i; k ¼ 1;2;3; i; j 2 f0;1g:

8>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>:
Consider an isospectral problem

ux ¼ Uu;
ut ¼ Vu; kt ¼ 0;

�
where

U ¼ �e1ð1;0Þ þ u1e1ð1;�1Þ þ u2e2ð0; 0Þ þ u3e2ð1;�1Þ þ u4e3ð0;0Þ þ u5e3ð1;�1Þ ð6Þ
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