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Quadratic-form identity corresponding bi-Hamiltonian structure was worked out. Expanding Lie algebra gl(2),

Bi-Hamiltonian structure
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grable hierarchy and its Hamiltonian structure. At last, two kinds of Darboux transforma-
tions of the equation are generated.
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1. Introduction

By using some matrix Lie algebras, Guizhang [1] once introduced a powerful tool for generating integrable Hamiltonian
systems [3-6], which was called Tu scheme. By employing the corresponding loop algebras, some interesting soliton hier-
archies of evolution equations were worked out. However, we have found that some solitary hierarchy can be obtained
by a kind of vector loop algebra [8].

Let G be a s-dimensional Lie algebra with basis eq, e, ..., es. Take a = >} ,axer, b = >";_,brex € G. The loop algebra G
generated by G has the basis ey(m) = e,2™, 1<k<s, meZ the commuting operations read [ex(m),e;(n)] = [ey,e;]A™".
The column vector form of G is given by

G=a=(ar,....a), @G=)Y qni", [a,b]=c=(c,....c;)".
m

The linear isospectral problem established by G is as follows

{l//i?:[u>l//]> (1)
lpt = [V, l//L }"t = 07
where 9 = Y"p_; o a(T},( oy are arbitrary constants, i, denotes the derivative sum of ¢ with aspect to x,, k=1,2,...,n.

The compatibility condition of (1) is the zero curvature equation
U—-Vy+[U,V]=0,
its stationary zero curvature equation reads
V= [U.V]. )

* Corresponding author.
E-mail address: chenly640@nenu.edu.cn (L. Chen).

http://dx.doi.org/10.1016/j.amc.2014.07.006
0096-3003/© 2014 Elsevier Inc. All rights reserved.


http://crossmark.crossref.org/dialog/?doi=10.1016/j.amc.2014.07.006&domain=pdf
http://dx.doi.org/10.1016/j.amc.2014.07.006
mailto:chenly640@nenu.edu.cn
http://dx.doi.org/10.1016/j.amc.2014.07.006
http://www.sciencedirect.com/science/journal/00963003
http://www.elsevier.com/locate/amc

262 B. He, L. Chen/Applied Mathematics and Computation 244 (2014) 261-273

Take U =U(4,u) = Up + ZF ,uiU;, U; € G, u=(u,..., up)T. assume rankUy = rank(u;U;) = o, 1 <i < p, then U is called
the same-rank, denote by

rank(U) = rank(9) = rank (%) =0, 1<k<n (3)
k

Let two same-rank solutions V; and V, satisfy the relation V; = yV,, y = constant, then we see that

Theorem 1. Let (3) hold. Two same-rank solutions of (2) possess Vi = yV,. Set [a,b]T =a"R(b), a,b € G, the constant matrix
F = (fij)s,s meets

F=F", R(b)F= —(R(b)F)T. (4)
Define a quadratic functional as follows

{a,b} =d'Fb, Va,beG,
then the following identity holds
d =y 0 (. ou .
Tw{V,UZ}fA a(i {V76u,}>’ i=1,...,p, (5)

where 7y is a constant to be determined, V is a same-rank solution of 2. 5 is called the quadratic-form identity.
Zhang and Fan [2] proposed the Lie algebra gl(2) = span{e;, e;, e3}, where

o (10N 00y 12y (10
(o ) =1 o) o=(p ) m=(; 1)

along with the commutative relation

le1.e2] = —2e;, [er,€3] = —2e; +2e3, [ez,€3] = 2ey,
[e,', ej} =e;M; e — elee,-7 6,6 € gI(Z)

In this paper, we consider the known Lie algebra gl(2), and take a kind of corresponding loop algebra gl(2), a new Lax
integrable hierarchy can be obtained. Then, by means of the quadratic-form identity, the corresponding bi-Hamiltonian
structure was worked out. In Section 3, we want to expand the Lie algebra gl(2) into the Lie algebra G;, and take a kind
of loop algebra G;. Next, we start from an isospectral problem to obtain the integrable hierarchy (26), by making use of
the zero curvature equation [9]. In addition, by using the quadratic-form identity, we can obtain a Hamiltonian structure.

Study of the algebraic properties of the equations is an important aspect in soliton theory. Some ways for generating Dar-
boux transformations of nonlinear soliton equations by starting from isospectral problems [10]. In Section 4, when
n=2, B =2, the integrable hierarchy (26) can be reduced to a new Eq. (31). In [11] the Darboux transformations for a
Lax pair integrable systems are investigated in detail. Based on this, we obtain two kinds of Darboux transformations of
the new Eq. (31).

2. A new integrable hierarchy and its bi-Hamiltonian structure

Based on the known Lie algebra gl(2), we construct the following loop algebra gl(2):

ex(i,n) = e, 2>, j—spectral parameter,
e1(i,m), e2(j,n)] = —2e2(y, m +n + py),
[e1(i,m), e3(j, n)] = —2e3(dy5, M+ n + py) + 2e3 (3, m +n+ py),
le2(i,m), e3(j, n)] = 2e1 (05, m +n + py),
i+j, i+j<2,
5,"]' = {

0, i+j=2,
_{0, i+j<2,
Pim1, ivj=2,

deg(ek(i7n)) :21’l+i7 k:172157 i7 J 6{071}
Consider an isospectral problem

{ Gy = UQD,
(pt = V([)7 j'f = 07

where
U= *91(1,0) + U1el(l7 7]) + u262(07 0) + U362(1, 71) + U4€3(0,0) + U5€3(1, *‘1) (6)
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