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a b s t r a c t

In this paper we obtain estimates on solutions of some retarded integral inequalities which
include retarded Gronwall-like inequalities and retarded Volterra–Fredholm type inequal-
ities. Some particular cases with weakly singular kernels are discussed. We also apply our
results to investigate the boundedness, uniqueness, and continuous dependence of
solutions of some integral equations.
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1. Introduction

It is well known that integral inequalities play an important role in the study of differential equations and integral equa-
tions. These inequalities are used in the investigation of the existence, uniqueness, boundedness, and other qualitative prop-
erties of solutions to differential equations and integral equations. One of the fundamental inequality is the Gronwall
inequality, which was established in 1919 by Gronwall [1]. The Gronwall–Bellman inequality was obtained by Bellman
[2] as a generalization of Gronwall inequality and it plays a key role in studying stability and asymptotic behavior of solu-
tions to differential equations and integral equations. An important nonlinear generalization of the Gronwall–Bellman
inequality is Bihari’s inequality [3]. Many results on the various linear and nonlinear generalizations of inequalities of Gron-
wall–Bellman–Bihari type are established (see [4–15] and the references given there). With the development of the theory of
fractional differential equations, integral inequalities with weakly singular kernels have been paid much attention by many
authors. We refer to the papers [16–21] and the references given there. On the other hand, some useful Volterra–Fredholm
type integral inequalities with retardation are established recently by Pachpatte [22] and Ma and Pečarić [23,24].

Let I ¼ ða; bÞ; �1 6 a < b 61; Rþ ¼ ½0;1Þ, and let u 2 CðI;RþÞ be bounded. In this paper we consider the following two
types of integral equations:
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We are interested in the boundedness and uniqueness of solutions of (1.1) and (1.2). We also investigate the continuous
dependence of solutions of (1.1) and (1.2) on the functions U1; U2; U3. For this purpose we study the following retarded
Gronwall-like inequalities
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and retarded Volterra–Fredholm type inequalities

/ðuðtÞÞ 6 lðtÞ þ
Z aðtÞ

aðaþÞ
k1ðt; sÞc1ðsÞw1ðuðsÞÞdsþ

Z aðtÞ

aðaþÞ
k2ðt; sÞc2ðsÞw2ðuðsÞÞdsþ

Z aðb�Þ

aðaþÞ
k3ðt; sÞc3ðsÞw3ðuðsÞÞds: ð1:4Þ

Inequalities of the forms (1.3) and (1.4) have been studied by many authors. In [4, Theorem 3.1], the authors considered (1.3)
under the cases a ¼ 0; b ¼ 1, /ðxÞ ¼ xp; lðtÞ ¼ x0; aðtÞ ¼ bðtÞ ¼ t, k1ðt; sÞ ¼ k2ðt; sÞ ¼ 1; c1ðsÞ ¼ f ðsÞ; c2ðsÞ ¼ hðsÞ, and
w1ðxÞ ¼ xp; w2ðxÞ ¼ xq. If a ¼ t0; b ¼ t1; /ðxÞ ¼ x, and c1ðsÞ ¼ c2ðsÞ ¼ 1, then (1.3) is reduced to the case n ¼ 2 of [5, Eq.
(1.4)]. Let a ¼ 0; b ¼ 1; lðtÞ ¼ cðtÞ, að0þÞ ¼ 0; k1ðt; sÞ ¼ f ðt; sÞ; k2ðt; sÞ ¼ gðt; sÞ, and c1ðsÞ ¼ c2ðsÞ ¼ 1. If aðtÞ ¼ bðtÞ,
w1ðxÞ ¼ gðxÞwðxÞ, and w2ðxÞ ¼ gðxÞ, then (1.3) is reduced to [6, Eq. (1)]. If bðtÞ ¼ t and w1ðxÞ ¼ w2ðxÞ ¼ gðxÞwðxÞ then (1.3)
is reduced to [6, Eq. (6)]. These two cases were studied in [6, Theorems 1 and 2]. In [9, Theorem] the author investigated
(1.3) under the cases a ¼ t0; b ¼ T; /ðxÞ ¼ x; lðtÞ ¼ k, where k is a nonnegative constant, k1ðt; sÞ ¼ 1; c1ðsÞ ¼ f ðsÞ,
w1ðxÞ ¼ wðxÞ, and k2ðt; sÞ ¼ 0. In the cases �1 < a < b <1; /ðxÞ ¼ x; lðtÞ ¼ hðtÞ, aðtÞ ¼ bðtÞ ¼ t; k1ðt; sÞ ¼ k2ðt; sÞ ¼ 1,
c1ðsÞ ¼ k1ðsÞ, and c2ðsÞ ¼ k2ðsÞ, inequality (1.3) was investigated in [14, Theorems 1 and 3]. If a ¼ 0; b ¼
1; /ðxÞ ¼ xp; lðtÞ ¼ aðtÞ, aðtÞ ¼ t, k1ðt; sÞ ¼ bðtÞðta � saÞb�1sr�1, c1ðsÞ ¼ f ðsÞ; w1ðxÞ ¼ xq, and k2ðt; sÞ ¼ 0, then (1.3) is reduced
to [18, Eq. (2.1)] and such inequality was studied in [18, Theorem 2.6]. Let a ¼ 0; b ¼ T; /ðxÞ ¼ x,
lðtÞ ¼ aðtÞ; aðtÞ ¼ t; c1ðsÞ ¼ FðsÞ, and k2ðt; sÞ ¼ 0. If k1ðt; sÞ ¼ ðt � sÞb�1 and w1ðxÞ ¼ wðxÞ, then (1.3) is reduced to [19, Eq.
(4)]. If k1ðt; sÞ ¼ ðt � sÞb�1sr�1 and w1ðxÞ ¼ x, then (1.3) is reduced to [19, Eq. (23)]. These two cases were studied in [19,
Theorems 1 and 4]. In the cases that I is a finite interval, /ðxÞ ¼ x, and lðtÞ ¼ k, where k is a nonnegative constant, if
aðtÞ ¼ hðtÞ; k1ðt; sÞ ¼ aðt; sÞ; c1ðsÞ ¼ f ðsÞ, w1ðxÞ ¼ x; k2ðt; sÞ ¼ 0; k3ðt; sÞ ¼ bðt; sÞ; c3ðsÞ ¼ 1, and w3ðxÞ ¼ x, then (1.4) is
reduced to the inequality discussed in [22] with cðt; sÞ ¼ 0. On the other hand, if k1ðt; sÞ ¼ k3ðt; sÞ ¼ r1ðsÞ; k2ðt; sÞ ¼ 0, and
w1ðxÞ ¼ w3ðxÞ ¼ wðxÞ, then (1.4) is reduced to [23, Eq. (2.1)] with r2ðsÞ ¼ 0. If k1ðt; sÞ ¼ aðsÞ,k3ðt; sÞ ¼ cðsÞ; k2ðt; sÞ ¼
0; c1ðsÞ ¼ f ðsÞ, c3ðsÞ ¼ gðsÞ, and w1ðxÞ ¼ w3ðxÞ ¼ wðxÞ, then (1.4) is reduced to [23, Eq. (2.20)] with bðsÞ ¼ dðsÞ ¼ 0. These
two inequalities were studied in [23, Theorems 2.1 and 2.4].

Various methods are developed to study inequalities of the forms (1.3) and (1.4) under different conditions on functions
/; l; a; b; k1; k2; k3, c1; c2; c3, and w1; w2; w3. Many different results have been obtained and applied to the theory of dif-
ferential equations and integral equations. In this paper we use a modification of Medveď’s method [19] to obtain formulas of
bounds of u that satisfies (1.3) or (1.4). Our results can be applied to a class of nonlinear weakly singular integral inequalities.
We also give some applications of these inequalities in the qualitative analysis of solutions of integral equations of the form
(1.1) and (1.2), which include some fractional integral equations.

Throughout this paper we define q� to satisfy 1=qþ 1=q� ¼ 1, where 1 6 q <1. If q ¼ 1 then q� ¼ 1. We consider the fol-
lowing assumptions for (1.3) and (1.4):

(A1) a; b 2 C1ðI; IÞ are nondecreasing functions on I such that aðtÞ 6 t and bðtÞ 6 t for t 2 I.
(A2) c1; c3 2 CðaðIÞ;RþÞ; c2 2 CðbðIÞ;RþÞ, where aðIÞ ¼ ðaðaþÞ;aðb�ÞÞ and bðIÞ ¼ ðbðaþÞ; bðb�ÞÞ.
(A3) / 2 CðRþ;RþÞ is a strictly increasing function such that /ð1Þ ¼ 1.
(A4) w1;w2;w3;w 2 CðRþ; ð0;1ÞÞ and w is nondecreasing.
(A5) l is a positive and nondecreasing function on I.
(A6) k1 2 CðDa;R

þÞ; k2 2 CðDb;R
þÞ, and k3 2 CðI � aðIÞ;RþÞ, where Da ¼ fðt; sÞ : t 2 I; s 2 ðaðaþÞ;aðtÞÞg; Db ¼ fðt; sÞ : t 2 I;

s 2 ðbðaþÞ; bðtÞÞg.

Here f ðaþÞ ¼ limt!aþ f ðtÞ and f ðb�Þ ¼ limt!b� f ðtÞ. If a ¼ �1 then f ðaþÞ ¼ limt!�1f ðtÞ and if b ¼ 1 then f ðb�Þ ¼ limt!1f ðtÞ.
If a is the identity map, then we write D instead of Da.

2. Retarded Gronwall-like inequalities

Suppose that u 2 CðI;RþÞ is bounded and satisfies the following retarded Gronwall-like inequalities for all t 2 I :

/ðuðtÞÞ 6 lðtÞ þ
Z aðtÞ

aðaþÞ
k1ðt; sÞc1ðsÞw1ðuðsÞÞdsþ

Z bðtÞ

bðaþÞ
k2ðt; sÞc2ðsÞw2ðuðsÞÞds: ð2:1Þ

Here we assume that k1ðt; �Þc1ð�Þ and k2ðt; �Þc2ð�Þ are integrable on ðaðaþÞ;aðtÞÞ and ðbðaþÞ; bðtÞÞ, respectively, for each t 2 I. Let
1 6 q <1 and r1 2 CðaðIÞ; ð0;1ÞÞ; r2 2 CðbðIÞ; ð0;1ÞÞ. Define the following functions
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