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a b s t r a c t

Sieved orthogonal polynomials on the unit circle were introduced independently by Ismail
and Li (1992) [15] and Marcellán and Sansigre (1991) [19]. We look at the para-orthogonal
polynomials, chain sequences and quadrature formulas that follow from the kernel polyno-
mials of sieved orthogonal polynomials on the unit circle.
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1. Introduction

Given a nontrivial positive measure lðfÞ ¼ lðeihÞ supported on the unit circle C ¼ ff ¼ eih : 0 6 h 6 2pg, it is well known
that the associated sequence of monic OPUC (orthogonal polynomials on the unit circle) fSnðzÞg1n¼0 can be defined byZ

C
�fjSnðfÞdlðfÞ ¼

Z 2p

0
e�ijhSnðeihÞdlðeihÞ ¼ 0; 0 6 j 6 n� 1; n P 1:

Letting j�2
n ¼ kSnk2 ¼

R
C jSnðfÞj2dlðfÞ, the orthonormal polynomials on the unit circle are snðzÞ ¼ jnSnðzÞ;n P 0.

OPUC were introduced by Gábor Szeg}o in the first half of the 20th century (see the monograph [28]). Thus, they are also
referred to as Szeg}o polynomials. These polynomials, which have received a lot of attention in recent years (see, for example,
[1,5,9,8,18,21–23,27,29]), have applications in quadrature rules, signal processing, operator and spectral theory and many
other topics.

Chapter 8 of Ismail’s recent book [14] on these polynomials and the two recent volumes [24,25] by Barry Simon, specif-
ically under the title ‘‘orthogonal polynomials on the unit circle’’, have provided us with many useful tools for further
research in this area.

The monic OPUC satisfy the so-called forward and backward recurrence relations, respectively,

SnðzÞ ¼ zSn�1ðzÞ � an�1S�n�1ðzÞ;
SnðzÞ ¼ ð1� jan�1j2ÞzSn�1ðzÞ � an�1S�nðzÞ;

n P 1; ð1:1Þ

where an�1 ¼ �Snð0Þ and S�nðzÞ ¼ znSnð1=�zÞ denotes the reversed (reciprocal) polynomial of SnðzÞ. Following Simon [24], we
refer to the numbers an as Verblunsky coefficients. It is known that these coefficients are such that janj < 1;n P 0, as well
as that OPUC and the associated measure are completely characterized by the Verblunsky coefficients fang1n¼0 as stated by
the following theorem.
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Theorem A. Given an arbitrary sequence of complex numbers fang1n¼0, where janj < 1;n P 0, then, associated with this sequence,
there exists a unique nontrivial probability measure l on the unit circle such that the polynomials fSnðzÞg1n¼0 generated by (1.1) are
the respective OPUC.

Here, l is a nontrivial positive measure if its support is infinite and it is a nontrivial probability measure if
l0 ¼

R
C dlðfÞ ¼ 1. The above theorem, known as Favard’s theorem for the unit circle, has been referred to as Verblunsky’s

theorem in Simon [24].
Given the sequence of Verblunsky coefficients fang1n¼0 let l be the associated nontrivial probability measure and let

fSnðzÞg1n¼0 be the corresponding OPUC. For a positive integer ‘ the sieved OPUC fSð‘Þn ðzÞg
1
n¼0 are defined as those orthogonal

polynomials associated with the Verblunsky coefficients fað‘Þn g
1
n¼0 given by

að‘Þn ¼
0; if ðnþ 1Þ–0 mod ‘;

abn=‘c; if ðnþ 1Þ ¼ 0 mod ‘;

�
ð1:2Þ

for n P 0. We also denote by lð‘Þ the nontrivial probability measure on the unit circle associated with fað‘Þn g
1
n¼0.

Note that fSð1Þn ðzÞg
1
n¼0 are the polynomials fSnðzÞg1n¼0. The earliest treatment of the sieved orthogonal polynomials

fSð‘Þn ðzÞg
1
n¼0 for ‘ P 2 is found in Ismail and Li [15]. However, the sieved orthogonal polynomials fSð2Þn ðzÞg

1
n¼0 have been studied

earlier than in [15] by Marcellán and Sansigre (see [19,20]). The following results, established in [15], will be the basic
requirement for the results obtained in the present manuscript.

Sð‘Þr‘þjðzÞ ¼ zjSrðz‘Þ; j ¼ 0;1; . . . ; ‘� 1; r P 0; ð1:3Þ

and

dlð‘ÞðeihÞ ¼ ‘�1dlðei‘hÞ; 0 6 h 6 2p:

For the reversed polynomials Sð‘Þ�n ðzÞ there hold

Sð‘Þ�r‘þjðzÞ ¼ zr‘þjSð‘Þr‘þjð1=�zÞ ¼ ðz
‘ÞrSrð1=�z‘Þ ¼ S�r ðz‘Þ; j ¼ 0;1; . . . ; ‘� 1; r P 0: ð1:4Þ

The aim of the present manuscript is to explore the connection between para-orthogonal polynomials, chain sequences
and quadrature formulas that follow from the kernel polynomials of the sieved OPUC. The structure of the manuscript is as
follows. In Section 2 we present a basic background concerning para-orthogonal polynomials associated with a nontrivial
probability measure on the unit circle, the three-term recurrence relation they satisfy, the representation of the coefficients
of such a recurrence relation as chain sequences and the role of zeros of para-orthogonal polynomials in Gaussian quadrature
rules on the unit circle. In Section 3, we consider para-orthogonal polynomials associated with the sieved measure on the
unit circle. Then we obtain its corresponding three-term recurrence relation as well as the chain sequences for the coeffi-
cients of such a recurrence relation. Finally, in Section 4 we deal with the Gaussian quadrature rules for such sieved para-
orthogonal polynomials. The nodes and the corresponding weights are deduced.

2. Para-orthogonal polynomials from kernel polynomials

Recall that the Christoffel–Darboux formula of order n associated with the sequence fSnðzÞg1n¼0 of OPUC is such that

Knðz;wÞ ¼
Xn

j¼0

sjðwÞsjðzÞ ¼
s�nþ1ðwÞs�nþ1ðzÞ � snþ1ðwÞsnþ1ðzÞ

1� �wz
:

Here, snðzÞ ¼ jnSnðzÞ are the normalized OPUC. See, for example [24, Thm. 2.2.7], where Knðz;wÞ is referred to as a CD kernel,
meaning a Christoffel–Darboux kernel.

With jwj ¼ 1, we consider the sequence fPnðw; zÞg1n¼0 of polynomials in z given by

Pnðw; zÞ ¼ j�2
nþ1w

Snþ1ðwÞ
Knðz;wÞ

1þ snþ1ðwÞan
; n P 0;

where sn ¼ SnðwÞ=S�nðwÞ;n P 0. It is easily verified that Pnðw; zÞ is a monic polynomial of degree n in z, which can be simply
written as

Pnðw; zÞ ¼ 1
z�w

Snþ1ðzÞ � snþ1ðwÞS�nþ1ðzÞ
1þ snþ1ðwÞan

¼ 1
z�w

½zSnðzÞ � snðwÞS�nðzÞ�; n P 0: ð2:1Þ

Since jwj ¼ 1 we have jsnðwÞj ¼ 1 for n P 0. Hence, Snþ1ðzÞ � snþ1ðwÞS�nþ1ðzÞ is known as a para-orthogonal polynomial
associated with Snþ1. From known properties of para-orthogonal polynomials (see [17]), Snþ1ðzÞ � snþ1ðwÞS�nþ1ðzÞ has nþ 1
simple zeros on the unit circle jzj ¼ 1. In particular, w is one of the zeros of Snþ1ðzÞ � snþ1ðwÞS�nþ1ðzÞ. Consequently, the poly-
nomial Pnðw; zÞ has all its n zeros simple and lying on the unit circle jzj ¼ 1. However, none of the zeros of Pnðw; zÞ can be
equal to the value w.
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