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a b s t r a c t

In this paper we study the approximate controllability of a fractional semilinear differential
equation involving the right fractional Caputo derivative. More precisely, we construct by
means of Tikhonov type regularization method, the controllability operator. Then under
certain condition on this operator, we obtain that the associate backward fractional linear
system can be steered to an arbitrary small neighborhood of the state at initial time. This
allows us to prove the approximate controllability of the semilinear system.

� 2014 Elsevier Inc. All rights reserved.

1. Introduction

In this paper, we study the approximate controllability of a system governed by the following fractional evolution equa-
tion with right fractional Caputo derivative in a Hilbert space X:

Da
CyðtÞ ¼ A�yðtÞ þ f ðt; yðtÞÞ þ B�vðtÞ; 0 < t 6 T;

yðTÞ ¼ y1;

�
ð1Þ

where T > 0; 0 < a < 1; Da
C is the right fractional Caputo derivative of order a and the function f is an appropriate defined on

½0; T� �X. The control v 2 L2ðð0; TÞ;YÞ and B� 2 LðY;XÞ. The operator A� is the adjoint of A, and �A : DðAÞ ! X is the infin-
itesimal generator of a compact analytic semigroup of uniformly bounded linear operators fRðtÞ; t P 0g. This means that
there exists M > 1 such that

sup
t2½0;T�
kjRðtÞkj 6 M: ð2Þ

There is much literature on approximate controllability of differential or partial differential equations in finite dimen-
sional as in infinite dimensional. We refer for instance to [7,3–5,8–12,22,23,6,24–26] and the reference therein. To obtain
this quality property of the control, many approaches are developed and among them, the Tikhonov type regularization
method. This method which uses the notion of adjoint state allows to obtain approximate controllability which is well
adapted to partial differential equations with entire derivative (see for instance Mahmudov et al. [3,4] and the reference
therein). This means in the limited case: a ¼ 1. In this case Eq. (1) becomes
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�y0ðtÞ ¼ A�yðtÞ þ f ðt; yðtÞÞ þ B�vðtÞ; 0 < t 6 T;

yðTÞ ¼ y1;

�

where y0ðtÞ is first derivative of y with respect to t. It is well known that this latter problem is approximately controllable on
½0; T� if the set

Rð0; y1;vÞ ¼ fyð0; y1;vÞ : v 2 L2ðð0; TÞ;YÞg

satisfies Rð0; y1;vÞ ¼ X.
Actually, in this limited case, the approximately controllability is achieved because the controllability operator is

symmetric. This is due to the fact that the mild solution is given with the same compact semigroup or the same compact
operator and also because the adjoint of d

dt, the first derivative with respect to the time, is its opposite, � d
dt. In the case of

fractional differential systems, mild solutions expressed with density probabilities are sometimes given with two operators
(see [5,11,21]). Consequently, the operator of controllability may not be positive if one wants to steer the state of the system
at given time to an arbitrary small neighborhood of this state. Motivated by these observations and the fact that mild
solutions of fractional differential systems involving left fractional Riemann Liouville derivative of order 0 < a < 1 are
expressed with the same operator [18] on the one hand, and the fact that the adjoint of right fractional Caputo derivative
of order 0 < a < 1 is the left fractional Riemann Liouville derivative of same order (see Lemma 2.7 below), we study in this
paper the approximate controllability of semilinear fractional differential Eq. (1). We prove that it is a backward semilinear
fractional differential of a semilinear fractional differential involving left fractional Caputo derivative. Then by means of
Tikhonov type regularization method, we construct an operator of controllability, which is symmetric, linear and bounded.
Finally we obtain under certain condition on this operator, the approximate controllability of the system (1).

The paper is organized as follows. In Section 2, we give some preliminary results. Section 3 is devoted to the study of the
approximate controllability of the linear fractional differential system associate to (1). In particular we prove in this section
that the adjoint of the right fractional Caputo derivative of order 0 < a < 1 is the left fractional Riemann Liouville derivative
of same order. In Section 4, we prove under appropriate conditions on the nonlinear function f, the existence of mild
solutions to system (1) and then, we show under some conditions on the operator of controllability and the function f that
this system is approximately controllable. An example is given to illustrate our results in Section 5.

2. Preliminaries

Throughout this paper, we denote by X; Y two separable Hilbert spaces with inner products h�; �i and h�; �iY respectively,
and the corresponding norms k � kX and k � kY . Also, we denote by LðX;YÞ the space of bounded linear operators from X into
Y endowed with the norm of operators, by A� the adjoint of the operator A. The identity operator is denoted by I. Cð½0; T�;XÞ is
the space of all X-valued continuous functions on ½0; T� with the norm kuk1 ¼ supfkuðtÞk; t 2 ½0; T�g; Lpð½0; T�;XÞ the space of

X-valued Bochner integrable functions on ½0; T� with the norm kfkLpð½0;T�;XÞ ¼
R T

0 kf ðtÞk
pdt

� �1=p
, where 1 6 p <1 and

L1ð½0; T�;XÞ the space of X-valued essentially bounded functions on ½0; T� with the norm kfkL1ð½0;T�;XÞ ¼ ess supt2½0;T�kf ðtÞk.
Now, let us recall some basic definitions and results on fractional differentiation and integration.

Definition 2.1 ([20,27]). The fractional order integral of the function f 2 L1ð½0; T�;XÞ of order a 2 Rþ is defined by

Iaf ðtÞ ¼ 1
CðaÞ

Z t

0
ðt � sÞa�1f ðsÞds;

where C is the Gamma function.

Definition 2.2 ([20,16]). The left Riemann–Liouville fractional order derivative of order a 2 ð0;1Þ of a function
f 2 L1ð½0; T�;XÞ given on the interval ½0; T� is defined by

Da
RLf ðtÞ ¼ 1

Cð1� aÞ
d
dt

Z t

0
ðt � sÞ�af ðsÞds:

Definition 2.3 ([27,14]). The left Caputo fractional order derivative of order a 2 ð0;1Þ of a function f 2 L1ð½0; T�;XÞ given on
the interval ½0; T� is defined by

Daf ðtÞ ¼ 1
Cð1� aÞ

Z t

0
ðt � sÞ�af ð1ÞðsÞds:

Definition 2.4 ([27,14]). The right Caputo fractional order derivative of order a 2 ð0;1Þ of a function f 2 L1ð½0; T�;XÞ given on
the interval ½0; T� is defined by
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