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a b s t r a c t

This article considers robust output regulation of uncertain heterogeneous multi-agent
systems in the case that all the agents have non-identical nominal dynamics. The directed
communication graph contains a spanning tree and the exosystem is as its root. Since not
all the agents can access the information of the exosystem, the distributed compensator is
used for the unaccessible part. The dynamic state feedback control law and dynamic output
feedback control law are proposed under this topological structure. Then we give a novel
compact form and a general global method to solve the robust output regulation problem
based on internal model principle. Finally, some examples are presented to illustrate the
effectiveness of our results.

� 2014 Elsevier Inc. All rights reserved.

1. Introduction

In recent years, there has been extensive interest in the study of network systems. A networked multi-agent system is a
dynamical system composed of a group of subsystems. Many pioneering contributions involved with distributed strategies
that achieve consensus have been witnessed [1–3]. In multi-agent systems, the agents communicate information with each
others to perform an identical task. Such control systems are often referred to as consensus control systems. The consensus
problem requires an agreement to be reached that depends on the states of all agents and it has been studied on both con-
tinuous-time [4] and discrete-time dynamic agent systems [5–9]. The network topology is always invariant, and time variant
topologies also have been paid much attention to in multi-agent problems. Yang et al. [10,11] have studied multi-agent sys-
tems under the switching topologies. The leader-following consensus problem of multi-agent systems is also an active topic
and has been studied by many researchers. Optimal tracking problem has been studied in [12] based on the adaptive
dynamic programming method. Pinning control was proposed in [13] to guarantee that the agents asymptotically follow
the virtual leader in each group, while agents in different groups behave independently. Hong et al. [14] investigated a sys-
tematical framework of tracking control problem with an unmeasured active leader and proposed an ‘‘observer’’ by inserting
an integrator into the loop for each agent to estimate the leader’s velocity. Zhao et al. [15] extended the results of Hong et al.
[14] and studied the distributed consensus tracking problem for multi-agent systems with Lipschitz-type dynamics.

On the other hand, output regulation is one of the most important and widely studied problems in control systems. Pio-
neering works are found in [16–18]. In recent years, output regulation of multi-agent systems had received considerable
attention which is to control more than one plant so that their outputs track a reference signal(and/or rejects a disturbance)
produced by an exosystem. Synchronized output regulation about identical subsystems was solved by Xiang et al. [19]. Xiang

http://dx.doi.org/10.1016/j.amc.2014.06.041
0096-3003/� 2014 Elsevier Inc. All rights reserved.

⇑ Corresponding author.
E-mail address: hgzhang@ieee.org (H. Zhang).

Applied Mathematics and Computation 242 (2014) 736–747

Contents lists available at ScienceDirect

Applied Mathematics and Computation

journal homepage: www.elsevier .com/ locate /amc

http://crossmark.crossref.org/dialog/?doi=10.1016/j.amc.2014.06.041&domain=pdf
http://dx.doi.org/10.1016/j.amc.2014.06.041
mailto:hgzhang@ieee.org
http://dx.doi.org/10.1016/j.amc.2014.06.041
http://www.sciencedirect.com/science/journal/00963003
http://www.elsevier.com/locate/amc


et al. [19] firstly regulated the tracking errors so that the errors converged to the synchronous manifold and then analyzed
the stability of synchronous manifold. However, a more relaxable condition was given in [20] in which a distributed com-
pensator was designed for the exosystem. Huang et al. [21] solved the output regulation of identical certain and uncertain
linear multi-agent systems if a Riccati equation with parameters has a positive definite symmetric solution. Internal model
principle was used in solving the robust output regulation for uncertain multi-agent systems such as [22–26]. Output reg-
ulation for heterogeneous uncertain system dynamics was considered in [22] in which the communication topology contains
no loop. Wieland et al. [24] gave a necessary and sufficient condition for the output synchronization problem. It used the
internal model method to solve the consensus with leaderless by setting up a virtual leader.

In this article, we give a general result about output regulation of uncertain heterogeneous multi-agent systems. The sub-
systems have non-identical nominal dynamics and also have the different uncertain parts. Since not all the agents can access
the information of the exosystem, the distributed compensators are used for the unaccessible part. The benefits of this paper
are introduced as threefold. First, our results are natural and relax significantly the condition in [22,27]. Second, it makes
easier the method in solving the robust output regulation for heterogeneous multi-agent systems. At last, in the expression
of the closed loop system, we use a new compact form in which the variables of compensators are composed with the var-
iable of exosystem. Thus the traditional internal model criterion is invalid, and a novel global method is used in the proofs of
Theorems 1 and 2.

The remainder of this article is organized as follows. Some preliminaries on graph theory and the system models are given
in Sections 2 and 3. The main results based on dynamic state feedback and dynamic output feedback control are given in
Section 4. In Section 5, numerical simulations are given to illustrate the effectiveness of theoretical results. Finally, some con-
clusions are presented in Section 6.

Notations: Throughout this article, let R;Rn and Rn�m denote the set of real numbers, n-dimension Euclidean space and the
set of n�m real matrices. Denote kðAÞ be the eigenvalues of A. Notation � represents the Kronecker product. 0 denotes a
matrix which has appropriate dimensions, and all the elements are 0. 1n represents the n-dimension vector with all entries
being one.

2. Preliminaries

Some basic knowledge about graph theory is described as follows (For more details, one can refer to [28]):
The topology structure of a communication network can be expressed by a digraph. A weighted digraph G ¼ ðV; E;AÞ is

composed by a vertex set V ¼ fv0;v1;v2; . . . ; vNg, an edge set E ¼ feij ¼ ðv i; v jÞg � V � V, and a weighted adjacency matrix
A ¼ ½aij� with nonnegative adjacency elements aij. Then, the Laplacian corresponding to the digraph G is defined as L ¼ ½lij�,
where lij ¼ �aij; i – j, and lii ¼

PN
j¼1aij. v i; ði ¼ 1; . . . ;NÞ represents ith agent and v0 represents the exosystem in this paper.

An edge ðv i;v jÞ in digraph Gmeans that the agent v i receives information from agent v j. aij > 0 if and only if ðv i;v jÞ 2 E; other
else, aij ¼ 0. The set of neighbors of agent v i is denoted byN i ¼ fv j 2 V : ðv i;v jÞ 2 Eg. A directed path from v i to v j in digraph
G is a sequence of edges ðv i;v i1 Þ; ðv i1 ;v i2 Þ; . . . ; ðv im ;v jÞwith distinct nodes ik; k ¼ 1; . . . ;m. A directed graph contains a directed
spanning tree if there exists at least one agent which is called root node that has a directed path to every other agents.

Assuming that the graph G ¼ ðV; E;AÞ with vertex set V ¼ fv1; . . . ;vNg is the subgraph of digraph G. The weighted adja-
cency matrix of G is expressed as follows:

A ¼
0 0
A01N A

� �
where A0 ¼ diagða10; a20; . . . ; aN0Þ, A is the adjacency matrix of G. Then Laplacian matrix L of G is:

0 0
�A01N A0 þ L

� �
where �D ¼ diagf

PN
j¼1a1j;

PN
j¼1a2j; . . . ;

PN
j¼1aNjg and �L ¼ D�A is the Laplacian matrix of subgraph �G.

3. Problem formulation

In this paper, consensus output regulation problem of multi-agent systems have been considered and a group of agents
has the following form:

_xi ¼ Aixi þ Biui þ Eix;
yi ¼ Cixi; i ¼ 1; . . . ;N:

(
ð1Þ

where the state xi 2 Rn and the measured output yi 2 Rp, ui 2 Rm is the consensus protocol to be designed later. Eix is the
disturbance of the ith agent to be rejected and x is generated by the following system which is called exosystem:

_x ¼ Cx;
yr ¼ Qx;

�
ð2Þ
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